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Abstract

The local polynomial smoothing of the Kaplan—Meier estimate for fixed designs is explored and analyzed. The
first benefit, in comparison to classical convolution kernel smoothing, is the development of boundary aware
estimates of the distribution function, its derivatives and integrated derivative products of any arbitrary order.
The advancements proceed by developing asymptotic mean integrated square error optimal solve-the-equation
plug—in bandwidth selectors for the estimates of the distribution function and its derivatives, and as a byproduct,
a mean square error optimal bandwidth rule for integrated derivative products. The asymptotic properties of
all methodological contributions are quantified analytically and discussed in detail. Three real data analyses
illustrate the benefits of the proposed methodology in practice. Finally, numerical evidence is provided on the
finite sample performance of the proposed technique with reference to benchmark estimates.
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1. Introduction

Let T denote a continuous lifetime variable with cumulative distribution function (c.d.f.) Fr(t) = P(T <
t). Frequently the available data are beyond the experimenter’s control and come in the form of scatterplot
observations. For example, this is the case in lifetable analyses in the actuarial science, in data analyses in
demography e.t.c., see [Muller et al.| (1997) and Wang et al| (1998). In such an occasion, the coordinates of
the available data pairs consist of the response, which is usually an empirical estimate of the target curve, and
the center of the associated time interval at which the curve is being estimated. Still, continuous estimates are
desirable, especially when the analysis additionally depends on the estimate’s derivatives. For this reason, the
present research considers the local polynomial smoothing of the well-known Kaplan-Meier estimate (Kaplan
and Meier| [1958), with first objective to provide continuous, boundary aware estimates for the distribution
function, its derivatives of any arbitrary order and integrated c.d.f. derivative products for fixed designs under
the random right censorship model. The reasoning for pursuing this approach becomes immediately obvious when
observing that smoothing of scatterplot data intrinsically corresponds to formulating a reasonable nonparametric

regression problem. The asymptotic unbiasedness property of the Kaplan-Meier estimate together with its
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strong representation as the underlying c.d.f. plus an asymptotically negligible error term, prompts its use as the
response. At the same time, the center of each equidistant time interval in which the observed data range is split
is used as the design. Hence, application of the local polynomial technique yields estimates of F}'/), v=201,...
by matching the coefficients of polynomials fitted locally — through kernel weighted least squares — and the
derivatives of Fr in a Taylor expansion of the regression function at a nearby point; precise formulation and
details are provided in Section [2] This approach enables the development, also in Section [2] of local polynomial
estimates for integrated c.d.f. derivative products of any arbitrary order. These are useful on their own right
since they are necessary for the implementation of automatic bandwidth selectors, in estimation of population
characteristics, statistical distance measures and in a variety of other settings.

Multiple benefits arise from the local polynomial smoothing of the Kaplan—Meier estimate. First, its definition
does not involve a bandwidth and thus its use as the response in the aforementioned nonparametric regression
problem greatly simplifies implementation of the resulting estimates which now depend on just one bandwidth;
this is in contrast to the traditional approach which needs two bandwidths. In terms of performance, the
Asymptotic Mean Integrated Square Error (AMISE) and central limit theorem for the estimates of F}”), quantified
analytically in Section [3] are valid throughout the region of estimation and imply the absence of inflated bias at
the endpoints. Further, the asymptotic properties of the integrated derivative product estimates, also quantified
in Section [3] ensure efficient estimation of the functionals as opposed to using conventional kernel smoothers. A
subsequent advantage thus results by their utilization in developing (in Section a solve—the—equation AMISE-
optimal plug—in bandwidth rule applicable to all estimates proposed here. The rule is built as a direct extension of
the corresponding density estimation bandwidth selector for complete data proposed in|Cheng| (1997). The gain is
its stable performance across the region of estimation; this is also reflected in its asymptotic properties, quantified
analytically together with its convergence rate and asymptotic distribution in Section[4 It is worth noting here
that the literature is rather thin on AMISE optimal bandwidth rules for convolution smoother estimates for right
censored data. Since the plug-in rule proposed here is also applicable to classical kernel approach, it can also be
thought as filling this important gap in the literature.

Section [5] investigates the finite sample performance of the proposed methodology. First, the analysis of
three real world data sets illustrates how the proposed technique can help in capturing data patterns that
remain undiscoverable either by the conventional kernel smoothing approach or by parametric estimates. Finally,
distributional data are used to simulate and compare the finite sample MISE performance of the proposed

estimates in comparison to frequently used estimates in the literature and in practice.

2. Local polynomial smoothing of the Kaplan—Meier estimate.

Let T1,T5,...,T, be a sample of i.i.d. survival times censored on the right by ii.d. random variables
U1,Us,...,U,, which are independent from the T;’s. Let fr be the common probability density function (p.d.f.)
and Fr the c.d.f. of the T;’s. Denote with H the c.d.f. of the U;’s. Typically the observed right censored data are
denoted by the pairs (X;,0;), i = 1,2,...,n with X; = min{T;, U;} and §; = 1{7,<y,} where 1y, is the indicator
random variable of the event {-}. The distribution function of the X;’s satisfies 1 — F = (1 — Fr)(1 — H). It is



assumed that estimation happens in the interval [0, M] where M satisfies the relationship
M =sup{z:1— F(x) > ¢} for a small € > 0.

We are interested in estimating Féy)(:lc)7 v =0,1,.... The Kaplan-Meier, introduced in |[Kaplan and Meier|(1958)),

is the classical nonparametric estimate of Fpr = F:(FO) and is defined by

0, OSxSX(l)a

. NKJC

Fr(z) =q1-T2) (ﬁ) Y Xaeny <7< X, k=2..n, (1)
1, x> Xy,

where (X(;),d¢;)),4 = 1,...,n are the ordered X;’s, along with their censoring indicators. According to the fixed
design local polynomial principle, first partition the interval [0, M] into g disjoint subintervals of equal length
b; denote with z; = (j — %)b, j =1,...,9, the center of the jth interval. Denote with o%(x;) the variance
of FT(IZ) at x; and let ;,7 = 1,...,g be independent random vectors with mean 0 and variance 1. Also, set
m(z;) = Fr(z;). Since Fp(z) is an asymptotically unbiased estimate of Fip(z) it can be used as the response to

the local nonparametric regression problem

Fr(x;) =m(x;) +o(xi)e;, i=1,...,9.

Then, given a bandwidth h, the data {Fr(z;),x;},i = 1,...,g for which |z; — x| < h are smoothed by locally
fitting polynomials of fixed degree p. The polynomial coefficients are obtained by solving the optimization
problem
g P 2

Y {FTm) IS x>’“} k(20 )
Here K is a kernel function, usually a symmetric density, assumed to be supported on a symmetric and compact
interval; however see also [Funke and Hirukawa| (2020]) for an alternative approach based on asymmetric kernel
functions in the closely related regression setting. Denote with Bk the estimates of §j resulting by the solution
of (2). A Taylor expansion of the regression function m(z) in a nearby point xo such that |z — x| < ¢ for an
arbitrarily small ¢, yields that Fé”) (z) = V!B, is an estimate of Fg/) (x),v = 0,...,p. According to [Fan and
Gijbels| (1996)), the optimal order of the local polynomial to use in depends on the order of the derivative
being estimated and is given by p = v + 1. This yields the solution

g
Féy)(m):V'ZKV (xzh x) FT(xi)a v=20,1,2,..., (3)
=1

where

K,(u)=e} 1 S7 (1, hu,. .., (hu)”, (hu)" T K (u).

Here el ; denotes a vector with v+ 2 elements with 1 in the (v + 1)th position and zeros elsewhere and S is the

(v +2) x (v 4+ 2) matrix (Sy j4+1)o<ji<v+1 With
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Expression shows that F g/)(x) is very similar to a conventional kernel estimate with the difference that K,
is defined as a function of the design points and locations. However there are some fundamental differences with
the random design setting for censored data, explored in [Bagkavos and Ioannides| (2020)). In the random design,
smoothing is applied to the increments of the Kaplan-Meier estimate and the smoothing weights .S;, ; are random.
In the fixed design the weights S, ; are deterministic and operate on the bin centers z;. As a consequence, the
quotient of the weights applied to the empirical estimate tend to 1 as n — oo; further, smoothing weights are
identical irrespectively of whether the target is e.g. the distribution or the density function in both complete
and censored data settings, see [Cheng| (1997)). An equivalent representation for I3 ]gu) () which sheds light on
the inner mechanism of the technique can be defined as follows. Without loss of generality assume that K is
supported on [—1,1]. Let 0 < ¢ < 1 so that x = ch € [0, h) is a boundary point. Correspondingly, in the interior
we have © = ch,c > 1, so that © € [h, M — h]. Set S, = (Hitj,e(K))o<i,j<v+1 where for any function g, for
1=0,....2v+ 2,

[5 uig(u) du, when u € [0, h),

tic(9) = [uig(u)du = pi(g), when u € [h, M — h],

sz u'g(u) du, when v € (M — h, M].

From the proof of Lemma 5 in |Cheng] (1994),

WSM:ul+0(1),l:0,1,...,2u+2, (4)
b * —(v
Ky () = g K o(6) + 0 (A0 ) (5)
where for any two real valued deterministic sequences a, and b,, a, = o(b,) as n — oo if and only if

lim,, o |an/bn| = 0; thus choosing b < h as suggested by assumption below means that the asymptotic term
in the right hand side of is negligible. Let K7 . denote the so called equivalent kernel, defined by

*

K} (u) = el ST L u, o w w TR (W) oo (u).

An asymptotically equivalent representation for Fg)(:c) is given by
g
F(l,) - bv! (

The equivalent kernel satisfies throughout the region of estimation the moment conditions

)FT(xi)a +0(1)).

/qu,ic(u) du=96,4, 0<v,g<v+1, (6)

where §, 4 is Kronecker’s delta, i.e. §,4 = 1 for v = ¢ and 0 otherwise. It is immediately seen from @ that
FL(”)(x) automatically adjusts at the endpoints, without the extra modifications and without the undesirable side
effects of boundary kernels such as negative estimate values.

Notice that the definition of K, for x € [h, M — h] does not depend on c. To see this first assume,
without loss of generality, that the support of K is [—1,1]. In the interior, i.e. for ¢ — oo, S, is equivalent to

S = (piyj(K))o<ij<v1 and I—so,(u) =1 =I_¢o0)(u). Hence K . = K where

K3 () = ¢y S (L, u )T K (),



with S = (ti+5(K))o<i,j<v+1. Therefore in the interior Fg')(m) can be written with slightly simpler notation as

FY () = bl K
hu—&—lz

) Fr(z;)(1 + o(1)).
It will be easier to study the statistical properties of ﬁéy)(x) by considering the following equivalent formulation
(,, bV' % 1‘, - »
) Z W fr(z:)(1+o(1))

RN « [T
- thW“( h

i=1

/ K} (t)dt and W* / K

To see the equivalence, for fixed j and for k € {1,..., g} set

9”) Fr(a) (1 + o(1)),

where

1[xk7—,zk+ ](X]75J = 1)

Since the X1, Xs,..., X, are i.i.d., the strong law of large numbers yields

lo

Ti+3

Y e b / Fr@)(1— Hy) dy = b~"bfr(e)(1 - H(z) = frla)(1 - Hz).  (7)

b
Ti—3

Dividing the empirical estimate of fr(xz;)(1 — H(x;)) by an estimate of the survival function 1 — H(x) of the
censoring distribution yields an estimate of fr(z;). Following [Marron and Padgett| (1987), by reversing the
intuitive role played by T; and U;, 1 — H(z) can be estimated by the (sightly modified) Kaplan—Meier estimator,

1a OSxSX(l)y
~ _ . 1_61')
1—H(z) = Hlel (%ﬁi;) ( v Xp—ny <z < Xy, k=2,...,n

n n—i+1 1=00)
Hi:l (n7i+2> J X(n) <z

For z € [0, M], H converges strongly to H as according to Theorem 2.1 of |(Chen and Lo (1997)), for 0 < p < 1/2

sup |H(z) — H(z)| = o(n™?) as.. (8)
<M

Hence, for fixed ¢ and for z; € [0, M] an empirical estimate of fr(xz;) at the ith bin center is obtained by
Frla) =1y LS (1 o) e (1 o)
: 1- A ni1- H(z;) ’ )

n j=1"+" H(.%‘l)

By assumption below, b = n~* with 1/2 < A < 1 and thus the term o(bn~P) is asymptotically negligible.
Also, for X; € [x; —b/2,2;+b/2], H(X;) = H(z;)(140(1)). This, together with the asymptotic results in Satten
and Dattal (2001)) page 209, allow writing the Kaplan—Meier as

-1 oRe wﬁb/2wj+b/2](Xu5 =1) B LI
rlog =7t 3y S LS b1+ 0l1),

j=11i=1 ( j=1
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from which the equivalence between the two formulations of F éy)(x) immediately follows. Now, consider the
functional

M oy o)

Opry = / F (@)l (x) da, i,y >0,

0
where ;1 + 7 is an even integer. Estimates of 6, , are routinely employed in automatic (plug-in) bandwidth
selectors. Using classical kernel smoothers in the place of F:(F“ )(x) and F:(FW)(JJ) will likely lead to inefficient
endpoint estimation and diminish the global MSE rate of convergence of the resulting functional estimate. The

absence of endpoint effects of ﬁ‘éu) (x) motivates its use for effectively estimating 6, ., by

YK, (222) i, (222) b, ©

where a denotes a bandwidth, typically different than h,. The asymptotic properties of Fg’) (z) and éu,'y(a) are

discussed next.

3. Asymptotic properties.
Denote the bias and variance of Fé'/)(x) respectively by

br.c(z), z€[0,h)U(M —h,M]
bL(,c) (J}) = 5
br(x), x€[h,M —h]

o2 (x), @€ [0,h)U (M — h, M|
02(z), @€ [hM—Hh '
Set
o) = fr(a)(1 = H@) ™ G = [ g0at,
and define the constant u
o) = /0 g(x) dz. (10)

stand for K . and W} . respectively

c v,c

Similarly to the definition of b () (z) and 0%(@) (), let K, and W5

)
in the boundary and K, and W, in the interior. In what follows, focus is given on the left boundary, i.e.
x =ch €[0,h),0 < ¢ < 1, since treatment of the right boundary, i.e. € [M — h, M] is similar in an obvious
manner. The case of estimation in the interior, i.e. = ch,c¢ > 1 so that « € [h, M — h) is obtained by letting

c — 00. Let,

Aije= [T20HK; ()P W, (x)dz, i=0,1,2...,j=1,2,..., 0<c<]1,

A

1,5(;¢)

Ay = [T K ()P Wi(x)de, i =0,1,2...,5 =1,2,..., e>1,

that is, A; j(,) stands for A; ;. for x € [0,h) and A; ; when z is in the interior. Similarly, for a positive integer
L, let p,e) (K ) denote py(K7) in the interior and pu,c(K7 ) in the boundary. Let h, denote the bandwidth

used when estimating the vth derivative of Fp. The following conditions are used throughout.
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A.1 The kernel K is symmetric about the origin and satisfies

/K2<+oo,/|u2K| < 400, and /uKzO.

A.2 The kernel K has bounded support, vanishes at its endpoints and its first v derivatives exist.

A.3 Assume b = n~*, where 1/2 < A < 1, g is such that gb — oo and g/n — 0. Also, for v =1,..., h, — 0

and b=th¥ !t — 00 as n — oo, i.e. as n grows, the bandwidth grows much faster than b.
A4 Asn— +oo, hy = 0and forv=1,..., nhy — oc.
A5 For fixed v, F}V) (x) is Lipschitz continuous and differentiable.

The asymptotic properties of a é") are summarized in the next theorem which is proved in loannides and

Bagkavos| (2019).

Theorem 1. Assume that for 1 =0,...,v+1, K" is bounded, absolutely integrable, with finite second moments
and Fr is | + 2 times differentiable. Assume also that as n — +o0, h, — 0,nh? — +o0 and b/h, — 0. Then,

the asymptotic bias and variance of Féy) (z) are given by

bL(,c)(z) = hlz/ (V + 2)
()2

= 2v
nh?

V! N V42
a0 B o) Fr 2 (@) + o(h]),

U%(,C)(x)

G(x) - 2h,g(z) / U o (5)W oy (5) d

B @)+ B+ D) s (B3 ) FE T @)) |+ O h2) + o(h),

v(;¢)

where
T) = 2)(1 — H(z))™! ) = ’ * s) = ) * u) du.
o) = fr(@)(1 - H(z)", G(x) /Og@)dt, Wi o(s) /_OOK,,<,C>(>d
Further,
B (@) ~ N (F (@) 4+ b (@), 030 (@)

Remark 1. The above results imply that Fg’) achieves the same rate of convergence in the boundary and in the
interior and that the derivative order leaves the bias rate of convergence unaffected. However the second term
on the right hand side of the variance expression is negative which implies that kernel smoothing improves the

estimate variance by a second order effect.

Remark 2. Theorem[]] indicates two limitations that might be encountered in finite sample implementations of

Féy). One issue is the presence of 1 — H(x) in the denominator of the leading term in 0%( 0 (). Even though

this does nmot affect the variance rate of convergence it is expected to disproportionately inflate the estimate’s
variance in comparison to the uncensored case. Thus large amounts of censoring are expected to diminish the

)

estimate’s precision. Another point where caution is needed is that a S’ might exhibit diminished finite sample

performance at the right end point, as a consequence of the unreliable behavior of Fr for x € [Mp, M) where



typically My denotes the largest uncensored observation, see for example|Chen and Lol (1997). On the contrary,
for x € [0, Mg, from (2.7) in Karunamuni and Yang (1991), Fr converges in probability to Fp with rate n='/2

mmplying a robust behavior there also for ﬁ'é”).

Turning attention to the asymptotic properties of élm(a), these are given in the next theorem. Its proof is
based on the strong convergence of H to H, repeated use of Lemma 1 of [loannides and Bagkavos (2019) as well
as repeated Riemannian approximations of integrals by sums using Lemma 2 in Bagkavos and Patil| (2008). A
full proof is available from the authors; see also the proof of Theorem 7 in |Cheng| (1994) (equiv. Theorem 2 in

Cheng] (1997)) for a very similar proof on the complete data density estimation setting.

Theorem 2. Assume that Fr is p+ 7 times differentiable. Assume also K is compactly supported and twice

differentiable. Then, as n — 0o,a — 0,na**™ !t — oo and b/h, — 0,

Bio@) 00 = s | [ (2510 ) @0 [ Wi

149 K 1
m 20u’y+2,u’y+2( 'y)+0(n la (#+7))+0(a2)7

Var {f,(a)} = %R( )R(W K7)

{/ Fr (F7) = 9} T o(n~2a 2V fo(n ).

Remark 3. The immediate conclusion from Theorem@ is that the leading squared bias term is of order n=2a—2(k+7=1)
while the variance leading term is of order n=2a~2WtN+1 " Therefore bias dominates variance in the MSE ex-
pression of é;w/ (a). This fact implies that in minimizing the functional’s MSE expression with respect to a, it is

enough to consider only the bias part.

4. Plug in bandwidth selection.

By Theorem [1|and since the Lebesgue measure of [0, h) tends to zero and therefore the corresponding integral

is zero, the MISE of Féy) (x) can be decomposed as

MISE {Fi”(x)} _ [ se {Ff’) (m)} dx + / Y vise {Fﬁ” (x)} dz
0 hi h,
e

M
h,/hV {F}”)(x)+hfu!((qu2)!)’1uu+2(K§)F}”+2)(z)} dz

~

(K*)R (F(V+2)) + ilhlgj /M G(m) de — 2 511/2"/) 101A1 1

hy

+ 0 'h%) 4+ o(h}), (11)

where a, = O(by,) if and only if limsup,,_, . |an/bn| < co. Write

MISE { #{} = AMISE { £{} + O(n ") + o(n}), (12)
where
0 ht . Y N2
AMISE{Fg >} =~ (KR (F; +2>) -2 2’23 CC1 AL (13)



Note that under assumption the asymptotic terms in vanish as the sample size increases. This means
that the MISE of the local polynomial estimator can be effectively approximated by its AMISE. In turn this
facilitates approximation of the MISE optimal bandwidth by the minimizer of , obtained by solving

oAMise { 7"}
oh,,

v v!)?
= W (KR ) 22w~ 1)U A, =0

for h,. This yields the optimal bandwidth rule

s _ 12 s
h, = (=1)"*! <2) { (2; Dy C(f;;l } : (14)
n /J/V+2(K:)R(FT )

Obviously h,, cannot be used in practice as it depends on Cy and R(F\"") which are unknown. R(F\'") is
estimated by éuﬁ(a) for p =~ =v+ 2. Of course, 9A,,+2’U+2(a) requires an optimal bandwidth rule for a. Based

on Remark |3] the MSE optimal bandwidth for éum denoted by a, -, is given by

1

xCsAq 1 } nFyFL

Gy~ = : , 15)
" { nﬂ'y+2(K»}k)9un+2 (

with
-1 if 6 2 <0 M
x = et and Co = / gV (u) du.
0

! ! .
GG g, s g

From and with 4 = v = v 4+ 2, the optimal AMISE bandwidth for F’gj)(m) is the solution of

e (2V [ er-neraa, T
hy, = (=1) ( ) { Ay))} | »

n M3+2(K:)éu+2,u+2(a(h

with respect to iL,,, where

alhy) = C(K)DORET, ()
with
2 (K2)A o
c(K)Z{ e } 7 "
2208 (2v — 1) (W)2C1 Av 114 (K )
s
Do) - (Azes) ™ 19
9V+2,1/+4

When no analytic solution to is feasible, h, is obtained by a numerical procedure such as the Newton-
Raphson method. Of course, implementation of D(6) depends on estimation of 0,12 42 and 0,12 ,44. According
to the conventional solve-the-equation approach one would go a stage further and apply local polynomial fitting
for estimation of both functionals before using a parametric reference model. However, such an approach is
subject to inherit large amount of variability from the data which results in the bandwidth selector to become
unstable. Moreover it requires computations of inverses of matrices of increasingly large dimensions and thus in

a considerable decrease in computational speed. For these two reasons it is more effective to adopt a parametric
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reference at this stage; this has been also advocated by |Cheng| (1997)). A suitable default parametric estimate of

0,~ for p =v+2and vy =v+4, say éﬂm is the two parameter Weibull distribution given by

éﬂﬁ _ /OM (e_(pt)ku)(u) (e_(pt)~>(7) .

where &, p are the scale and location parameters of the Weibull model estimated by maximum likelihood. The
choice of this particular distribution is justified by its wide use in survival analysis and by its flexibility as it can
mimic the behavior of other distributions such as the Rayleigh and the normal. It goes without saying that in

presence of even partial information about the underlying density, 6, , should be adjusted accordingly. Thus the

suggested bandwidth h,, results by after substituting D(0) in . Now, let

2(2py+1)+p+y+1 .
2(p+y+1)(pt+y-1)’ if 0y <0
a1 = )
2py+1 :
GG i Oy >0

and set

_1
2 (27— D(Y)2Chd, | 77 et
popr =n' q — " : py 0Ly
{n M3+2(K7)9w+2,7+2 ! o

(L0 e [2 (27— )(Y)2Ci AL | T
)

(Y + 2+ +1 n 42y (K2)0y 42412
2—(ptvy)

X Oy " O yr2biy 2 (K:)1[9“,7>0]a

2(2v+3)—(2y+1) (2(p+y)—1)

2 u 2 (2v+3)2
b2 = 2 s B {2(27— ICDRST '

PI=

n 3o (K)0y 42,540

4—2(u+~)

X AC(K)D(0)} 0 R(g) R(CT = W05

The rate of convergence of h,, to the ideal bandwidth h, and its asymptotic distribution are quantified in the
next theorem. First, let a,, = O,(b,,) denote that the sequence a,, is bounded in probability at the “rate” by, i.e.

for each € > 0 there exist M, N depending on € such that P(|a,| < M|b,|) > 1 —¢, for alln > N.

Theorem 3. Under conditions[A.THA.3, as n — oo,

>

fTZ =14+0,(n™%),
where
sty iy <0,
s if 0y > 0.
Further, A
n® <Z: - 1) = N(upp1,0hpr)-

The conclusion from Theorem [3]is that the proposed bandwidth selector is expected to achieve optimal results
faster (i.e. with smaller samples) compared to traditional approaches such as those based on cross validation or
the Akaike Information Criterion. Its practical performance is exhibited by three applications to real world data

sets and finite sample MISE simulations in the next section.

10
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5. Numerical examples

Throughout this section, binning of each sample (X;,d;),7 = 1,...,n is performed by splitting the observed
data range into g = [(X(,) — X(1))/b] disjoint intervals of equal length. In accordance to assumption the
length is set to b = x9 — 21 = n~3/4. Now, let f?'éo) = F} be the estimate of Fy and let SL(a:) =1- FL(:c) be the
corresponding survival function estimate. In all examples Fp and Sp, are implemented with the MISE optimal

bandwidth obtained by for v = 0 after replacing the unknown quantities by suitable estimates i.e.

A 2 % CA’lAll %
ho= [ — S .
0 <n) {u5<Ka>92,z<a<ho>>} 20)

In and throughout the section Cy is the estimate of C; defined in , obtained by replacing the unknown

quantities by consistent data driven estimates, i.e.
A M ~ A
Ci = / fx)1 — H(z)) ' da, (21)
0

where M = X ,) and f (z) is the density estimate of Marron and Padgett| (1987)) given by

n

fW=2 5 —i}(x))sK (z in> ' 22

=1

Estimator f (z) is implemented with the Integrated Square Error optimal bandwidth s resulting by the cross
validation rule of Marron and Padgett| (1987). Integration in is performed by Simpson’s rule. Both A; ;
and ug(K() are calculated analytically based on the Epanechnikov kernel which is also used in all kernel imple-
mentations throughout this section. 923(@(%0)) is calculated by combining (9) with 4 = v = 2 and with
a(hg) = C(K)D(G)ﬁ(l)/?’. C(K) is approximated by setting v = 0 in (8], estimating C by ¢y and calculating
analytically the values of u3(Kp), Ao, A11 and py(K3). Similarly, D(6) is approximated by replacing 62 » and
024 in with ég}g and 92,4 respectively, obtained by either a Weibull reference model or, when available as
it is the case in the first two real data examples below, by utilizing any existing maximum likelihood estimate.
Throughout this section, integration in the definition of éu,'v is performed analytically (when feasible) or otherwise
numerically by adaptive quadrature (function integrate in R). The constant C5 in is estimated by applying
Simpson’s rule on the second derivative of f(z)(1 — H(z))™!, calculated by numerical differentiation. Using the
estimates of D(#) and C(K) in a(hg), substituting back to and solving for ho with Newton-Raphon yields
the bandwidth used with FJ,.

The conventional kernel survival function estimate of |Gulati and Padgett| (1996) is also used throughout the

section for comparison. The estimate is given by S(z) = 1 — F'(z) where

F(z)=h! Zn:K (“ _hX> Fr(X)). (23)

In h= ﬁ(x) is the default asymptotic MSE optimal rule of |Gulati and Padgett| (1996]) given by

>
I

. 1/3
{ 2f @) A }
n(l = H(@)(f@)2(K) |
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where f/(z) is the first derivative of f(z) calculated by analytical differentiation of ([22). The performance of the
density estimate Fél)(x) = fu(x), resulting from for v = 1, is also investigated in this section. Its bandwidth
h1 is obtained by for v = 1 as the solution (by Newton-Raphson) of

A 2 % C’lAl 1 %
hi= | — —— .
<n) {ué(Kf>93,3<a<h1>>} -

In (24), Cy is again provided by (2I), while A;; and u3(K7) are calculated analytically. 03 3(a(hi)) is calculated
by combining (9) with p = v = 3 and with a(hy) = C(K)D(@)ﬁi/; C(K) is approximated by setting
v =1in (I8), estimating Cy by Cy and calculating p3(K?}), A1, A11 and ps(K3) analytically. Similarly, D(6)

is approximated by estimating 63 3 and 3 5 in by §373 and 53,5 respectively, obtained by either the Weibull
reference model or, if available, by utilizing any existing maximum likelihood estimates. The constant C in
is estimated by applying Simpson’s rule on the third derivative of f (z)(1 — H (x))~t
differentiation. Using the estimates of D(0) and C(K) in a(hy), substituting back to and solving for hy

yields the estimate of the AMISE optimal bandwidth h;.

, calculated by numerical

5.1. Danish fire loss data example

The first example is from the insurance practice and analyzes the Danish Fire Loss data, collected at Copen-
hagen Reinsurance. The data set comprises of 2167 fire losses over the period 1980 to 1990 and have been
adjusted for inflation to reflect 1985 values. The observations are expressed in millions of Danish Krones. [McNeil
(1997) analyzed two subsets of the data, one consisting of values greater than 10 and the second with values of
20 million Krones respectively. Focusing on the first data set which consists of 109 observations, McNeil (1997)
modeled the c.d.f. of the fire losses by testing three different distributions. These are the truncated lognormal, the
Pareto and the Generalized Pareto distribution (GDP), with their parameters estimated by maximum likelihood.
McNeil| (1997) concluded that no single parametric model is totaly satisfactory, however the GDP with location
parameter 10, scale parameter 6.98 and shape parameter 0.497 is perhaps the most suitable. Fig. [1| replicates
the survival function estimate resulting from this model and compares it with Sy and S.

The first outcome from Fig. [1|is that as expected, Sy, corrects the boundary bias problem of S. The second
outcome is that Sp, suggests a change in the fire loss data distribution between approximately 25 to 40 million
Krones. Even though this is also expected based on the discussion in McNeil| (1997)), it is not captured by either
the parametric nor the conventional kernel estimate. Even though the maximum likelihood estimate is based on
the three parameter GDP distribution, still the shape restrictions imposed throughout the region of estimation
dominate and mask the important features of the curve such as this shape change. The conventional kernel
estimate S is somewhat more flexible and close to Sy, in the interior. However the edge effects of f , which are
carried over in f’ , inherit excessive bias in the calculation of h resulting to a higher value than ho. In turn this
results in an oversmoothed estimate which masks the true survival function shape. This can be seen also by
the inflated estimation between approximately 15 to 20 million Krones as well as from the overestimation of the

pattern change between x = 25 and x = 40. On the contrary Sy, with the proposed bandwidth selector readily
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adjusts its estimation at the boundary and offers precise estimation of the true curve throughout the region of

estimation, resulting in enhanced insights and inference.

1.00-

\ —— Local Linear Surv. Est.
\ ffffff Conventional Kernel Surv. Est.
''''''' Parametric (mle) Surv. Est.

0.75-

0.50-

Survival Function

0.25-

10 20 30 40 50
Million Krone

Figure 1: Parametric and local polynomial estimates for the Danish fire loss data.

5.2. Air conditioning unit failure data example

The second example is based on the well known air conditioning unit failure data set of [Proschan| (1963]),
available in Table 11.9, [Lai and Xie| (2006). The pooled data set consists of 213 time intervals (observations),
in hours, between successive failures of the air conditioning system of each member of a fleet of 13 Boeing
720 jet airplanes. Multiple attempts in the literature are based on modeling the underlying survival function
parametrically by maximum likelihood, assuming a specific distribution; see Kus| (2007)) and the references therein
for an account of important contributions up to that point. However adopting a single parametric model at fleet
level would imply that all failure times follow the same distribution irrespective of which plane they come from.
This imposes a strong assumption which a practitioner would find rather unrealistic since it is expected that
different planes are exposed to different conditions which affect failure occurrences. Even though using mixtures
of distributions provides flexibility in capturing different data patterns in a single model, in practice this model
would be uncertain as adding or deleting one plane from the sample would change the mixture.

Fig. [2illustrates the survival function estimate suggested by Sy. For comparison the survival function estimate
proposed by [Proschan| (1963)), given by Sp(t) = exp{—t/93.14} is also included. Even though Sp is not regarded
as a realistic model since it is based on the exponential distribution and hence suggests that failures decline
with time, its inclusion as a benchmark estimate (among many other parametric models) is justified because
its goodness of fit is not rejected by the Kolmogorv—Smirnov test and hence corroborates with the overall data
pattern. Fig. [2| exemplifies the versatility of Sp. The probability of failure changes pattern as the time between

successive failures increases. On the contrary Sp, even though it is close to S 1, seems unable to capture this
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change proposing a strictly decreasing failure probability model. Consequently S, would be more useful to a

practitioner for reliability assessment and maintenance planning at fleet level.

1.00-
\

Local Linear Estimate: S_L

— = = Parametric Estimate: S_p

0.75-

Probability of Failure
o
@
o

0.25-

0.00-

0 200 400 600
hours between successive failures

Figure 2: Parametric (Sp) and local polynomial S, estimates for the air conditioning unit failure data.

5.8. Rear dump truck data example

The third application utilizes the rear dump truck data, analyzed among many others in [Pulcini (2001) and
Hua et al.|(2017)). The data set represents the time (in 1000’s of hours) between failures of a 180-ton rear dump
truck. The values in the data set indicate a bathtub failure model since the majority of observations occur either
at the beginning of the data range (implying a faulty construction), or towards the end (implying ageing or
wear out effects). In this and in similar occasions, practitioners are mostly interested on the shape of the failure
pattern rather than estimating the probability of a failure occurring after a certain time point. Hence the most
appropriate model for analyzing this data set would be an estimate of the hazard rate function which expresses
the instantaneous probability of a failure in the next time instant, given that no failure has occurred up to that
point. Now, the hazard rate function is defined as the ratio of the underlying density over the corresponding
survival function. Thus, a sensible hazard rate estimate, say Az (z) will result by dividing f7 () with Sy, (z).

A r(z) is implemented in Fig.[3] The estimate confirms the bathtub nature of the process, first identified in the
histogram estimate of [Pulcini (2001) and further explored in the semiparametric estimate of [Hua et al.| (2017]).
The discontinuity (i.e. the crude nature) of the histogram estimate in [Pulcini| (2001)) prevents it from capturing
the more subtle features of the failure pattern. This was achieved in Hua et al.| (2017) where the change in failure
was quantified in accordance to the increase of time in operation. However, the functional form of the parametric
components in [Hua et al.| (2017)) led to suggesting different patterns of failure on the same time frame. First
A () corrects the end point effects of the estimate in [Hua et al.| (2017)) and second provides an unbiased point

of view on the various shape changes free from the distributional assumptions. Specifically the local polynomial
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Figure 3: Local polynomial hazard rate estimate for the rear dump truck data.

estimate suggests that the first decline in failure starts at about 2,000 hours of operation up to approximately
4,000 hours. This is followed by a slight increase in failure up to approximately 5,000 hours and then declines
until about 10,000 hours of operation where it shortly stabilizes, followed by a sharp increase afterwards which

indicates the kick in of ageing and wear out effects.

5.4. MISE simulation examples

The last set of numerical examples uses distributional data to simulate the finite sample MISE performance
of F and fL. Three distributions with different shape, routinely employed in modeling lifetime data, are used
for this purpose. These are the positive truncated normal mixtures 2N (4,0.4%) + $NT(3,0.22) (NM1) and
0.6NT(—3,9)+0.4N"(10,9) (NM2), where N T denotes a truncated normal distribution. The positive truncated
normal density (Navarro and Hernandez, [2004) is defined by

(t —p)?

) = com {32

1 1
0 = = —-——
} ,c>U, ¢ C(/LO') o /7271_ @(u071)7

where @ denotes the standard normal c.d.f.. The third distribution is the one parameter Birnbaum—Saunders

(BS, also known as fatigue life distribution) given by

oy = YRR (V) )

In all examples is implemented with the shape parameter a = 1.75. For benchmarking purposes, the
performance of Fyis compared to the kernel c.d.f. estimate F defined in and to the corresponding parametric
(maximum likelihood) estimate of each distribution, denoted by F. The comparison is performed on four different

sample sizes, n = 50,100, 150 and 250 and at four levels of censoring: 0% (no censoring), 15%, 30% and 50%.
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Random censoring is implemented by independently generating n random censoring times from the uniform
U|0, k] distribution where k is selected so that the desired percentage of censoring is achieved on average across
all iterations. Since U]0, k] does not depend on the parameters of any of the three distributions considered here,

the likelihood function is given by
n
L:H{f(Xi;G)}éi {1-F(X;0)}' " (26)
i=1

In 0 denotes the vector of unknown parameters and F’ = f. In the case of the two normal mixture

distributions
[(Xi;0) = f(Xis 1,01, 2, 02) = pf T (Xis pa, 01) + (1= p) fH(Xis pa, 02),

where for NM1 (p1, 01, p2,02) = (4,0.4,3,0.2) and for NM2 (uy, 01, 2, 02) = (—3,9,10,9). For the Birnbaum—
Saunders distribution 8 = «. Maximization of with respect to the unknown parameters is performed with
the R package maxLik. Similarly, the performance of f 1, is benchmarked against f , implemented as described in
and the corresponding maximum likelihood density estimates, denoted by f .

For each distribution, sample size and level of censoring the approximate Mean Integrated Squared Error
of each estimate is calculated as follows. The differences (F®)(z;) — F®)(x;))%,v = 0,1, with F*) being any
of the three estimates considered here and F®*) (z;) the true curve at x;, are calculated for all equally spaced
grid points z;,7 = 1,...,50. Simpson’s extended rule is then applied to obtain the integrated square error
approximation for each estimate. The averaged integrated differences across 10,000 iterations are reported on
the tables. In every iteration the same sample values are used in calculating all estimators. Note that selection of
the classical convolution kernel distribution and density estimates for benchmarking the MISE figures of the local
polynomial estimates is sought so as to understand the gain in precision from the boundary correction and from
the utilization of MISE optimal bandwidth selection rules. Similarly, inclusion of maximum likelihood estimates
in the comparison is sought, not with purpose to identify which estimate is the best, but rather as a benchmark
of the achieved improvements. For this reason, in cases where maximization of the likelihood function for a
specific sample failed, calculation of the MISE for all estimates was repeated by drawing another sample until
achieving convergence. In other words, the maximum likelihood MISE figures should be regarded as an ideal but
nevertheless useful indication of the heights to which a very precise estimation procedure might achieve.

The results of the simulation in Tables [I| and [2] illustrate the benefits from both the boundary correction
and the bandwidth selectors introduced with the local polynomial smoothing of the Kaplan-Meier estimate. The
MISE comparison between F, fL and their corresponding convolution kernel counterparts confirms that the
local polynomial smoothers introduced in , implemented with the MISE optimal bandwidth , improve
the precision in estimation across all three example distributions, sample sizes and levels of censoring. Taking
into account the ‘ideal’ nature of the parametric MISE figures, the results in Tables [1| and [2| suggest that the
performance of Fy and fL is closer to F and f rather than to the performance of F and f . Another useful
outcome from the simulation is drawn by comparing the MISE increase between samples of the same magnitude
so as to understand the effect of censoring. Specifically, the effect of censoring on Fy, and fi, starts becoming

visible on the MISE figures of F T, fL when the samples contain 30%-50% censored observations and more (i.e.
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Table 1: Approximate MISE’s of Fy,, F and F for the truncated normal mixtures and the Birnbaum—-Saunders distribution.

NM1 NM2 BS

Cens. n FL F F FL F F FL F F

50 0.318 0.615 0.25 0.194 0.206 0.137 0.281 0.299 0.228
100 0.237 0.571 0.189 0.123 0.134 0.083 0.178 0.194 0.139

0%

150 0.212 0.544 0.169 0.09 0.115 0.068 0.131 0.167 0.113

250 0.181 0.514 0.145 0.066 0.092 0.048 0.095 0.134 0.081

50 0.341 0.616 0.271 0.206 0.299 0.145 0.298 0.433 0.242

15% 100 0.262 0.557 0.214 0.153 0.156 0.095 0.222 0.226 0.159

’ 150 0.226 0.525 0.183 0.121 0.125 0.072 0.175 0.181 0.121

250 0.196 0.493 0.157 0.09 0.102 0.055 0.131 0.148 0.091

50 0.434 0.703 0.334 0.219 0.563 0.128 0.317 0.816 0.213

0% 100 0.355 0.622 0.324 0.213 0.293 0.111 0.308 0.425 0.183
0

150 0.324 0.561 0.299 0.193 0.237 0.095 0.28 0.344 0.158

250 0.29 0.519 0.281 0.178 0.197 0.081 0.258 0.285 0.135

50 0.506 0.758 0.378 0.289 0.533 0.262 0.448 0.773 0.436

50% 100 0.468 0.683 0.353 0.266 0.492 0.241 0.429 0.713 0.401
0

150 0.395 0.617 0.321 0.243 0.328 0.204 0.381 0.476 0.339
250 0.361 0.554 0.302 0.228 0.288 0.195 0.359 0.417 0.324

medium to heavy censoring). On the contrary lower levels of censoring seem to have negligible effect on the
precision of the estimates. This increase is predominantly driven by the presence of the censoring distribution’s
survival function in the denominator of the estimate’s variance leading terms and by the slow convergence rate
of the Kaplan-Meier on the right tail beyond the last uncensored observation, see Remark 2] Even though
not reported here, exactly the same numerical experiments were repeated by restricting the estimation range to
[0, Mr] where the Kaplan—-Meier behaves quite robustly. Thus the experiments simulated solely the impact of
censoring on the estimate’s variance. The MISE figures exhibited significant increase only for the censoring level
of 50%; in turn this verifies the suggestion at the end of Remark for the robust performance of F éy) in [0, Mg].
Finally, it should be noted that, even though to a lesser extent and for reasons related to maximization of

under censoring, medium to heavy censoring is also obvious on the performance of F'.

6. Conclusions and future work

This research investigated the local polynomial smoothing of the Kaplan—Meier and showed that it leads to
an effective and reliable way to estimate the c.d.f., its derivatives and auxiliary functionals for right censored data

in the fixed design setting. The theoretical properties of all estimates and bandwidth selectors introduced herein
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Table 2: Approximate MISE’s of f,, f and f for the truncated normal mixtures and the Birnbaum—Saunders distribution.

NM1 NM2 BS

Cens. n fL f f fL f f fL f f
50 0.098 0.135 0.077 0.083 0.078 0.101 0.256 0.511 0.191
100 0.073 0.084 0.044 0.039 0.039 0.111 0.151 0.371 0.111
150 0.039 0.068 0.035 0.027 0.029 0.029 0.113 0.311 0.082
250 0.027 0.051 0.028 0.018 0.021 0.017 0.083 0.242 0.055

0%

50 0.116 0.165 0.102 0.096 0.096 0.112 0.328 0.513 0.252
100 0.058 0.096 0.054 0.044 0.048 0.047 0.175 0.373 0.131
150 0.043 0.074 0.042 0.031 0.035 0.033 0.125 0.301 0.101
250 0.031 0.0564 0.033 0.021 0.026 0.019 0.084 0.231 0.062

15%

50 0.156 0.232 0.152 0.128 0.135 0.131 0.256 0.602 0.247
100 0.097 0.149 0.096 0.078 0.083 0.083 0.281 0.412 0.211
150 0.066 0.106 0.071 0.053 0.069 0.053 0.176 0.312 0.131
250 0.042 0.069 0.051 0.033 0.039 0.032 0.116 0.253 0.101

30%

50 0.451 0.512 0.488 0433 0461 0.384 0.442 0.487 0.436
100 0.311 0.388 0.463 0.397 0.432 0.359 0.354 0.412 0411
150 0.251 0.351 0453 0.382 0418 0.316 0.316 0.385 0.385
250 0.184 0.337 0.445 0.382 0.413 0.316 0.282 0.375 0.381

50%

suggest a robust asymptotic behavior throughout the region of estimation. The MISE simulations indicate that
this robust behavior is valid also for finite samples in the interval from the left endpoint up to at least the largest
uncensored observation. The same simulations, in combination with Remark |2 indicate that two limitations are
the impact of large amounts of censoring on the estimate’s precision as well as possibly a diminished estimate
performance at the right end point.

The methodological advances explored herein can be extended towards multiple directions. An natural step
forward is calibration of the estimates and associated bandwidth rule towards incorporating covariate information.
Another extension, especially useful for practitioners, is the development of statistical inference for goodness-of-fit
hypothesis testing and confidence intervals for e.g. assessing the validity of parametric estimates. While research
in both directions is already underway in ongoing work, multiple other topics arise by considering the adjustment

and analytical study of this technique to different censoring schemes.
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27 7. Appendix

First recall that for 0 < p < 1/2, by ,

S e () s (555 0

j=1j= 1 j=1j=1

a8 7.1. Auziliary lemmas

Lemma 1. Assume that Fr is twice differentiable, continuous and that b = o(h). Then, as n — oo, for

i£jtk#1e{l,... g}

E(ci) = bfr(z:)(1 — H(x:))(1 + o(b)),
B(c2) = bfr(x;)(1 = H(x;)) + (n — Db ff(2;) (1 — H(;))?
E(cjer) = b fr () fr(or) (1 — H(x;)(1 = H(zp))(1 + o(b)),

n!b3 nlb®
E(C?C?) = ni{n(n — 1) + (n'_bg)'fT(xz)(]. — H(z;)) + (n'—bB)'

(1+0(1)),

fr(z;)(1 — H(z;))

nlb*
+ ml_bﬁt)!fﬂxz-)(l — H(z;)) fr(x;)(1 - H(xj))}

X fr(zd) (1 = H(z:)) fr(z;)(1 = H(z;))(1 + o(b)),

n. 3 n. 4
E(ciejer) = 7114{ 0 '_bg)[ t o '_b4)!fT($i)(1 - H(wi))}
X Sr(e)(1 = H(zo) frle;) (= ) fola)(1 = ) (1 + o)),
Blesejenct) = i ot Fr @) o) Fr ) Fr )

X (L= H(zi)) (1= H(a;) (1 = H@) (1~ H@)(1+ (b)),
B(el) = nﬂ{nbmmu — H(w:)) + Tn(n — DE f (z:) (1 — H(w:))?

n!b

(n—3)!

Proof. Only the last equation is proved here as the others are proved by straightforward calculus in an entirely
similar manner. Using Lemma 1 in |[loannides and Bagkavos| (2019) and noting that the same sample point cannot

be in two distinct intervals say 1; and I; which implies that E(c;rcjr) = 0, then

=E (TlL Z_:Cir> 714 ZZ Z ZE Czrczlczmczs

r=11=1 m=1s=1

:n4{ZE )+33° N Elenen)? +4> Y E(c sz}

r#l r#l

r fixed 1 |
xed {nE(cW) + 7n(n — 1)(Eeir)? + 6n(n — 1)(n — 2)(Bey) + — (Ecir)“},
nt !
29 from which the last result immediately follows. O
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An important consequence of Lemma (I}, used throughout this section is

i _ b fr(z)) (n — )b f3(x) o
B T |t

H(z;))? nl— H(z;) n
. { 1— I';(Ij) 1- Hk(fﬂk) } = Pfrla) (el + o)
c3c? B 2 fr(@i) fr(z;)
g { = (1 - H(xj)2} = {0 R

nlb®  f(xi) fr(z;) n nlb®  fr(z) f7(x;)
(n—3)! 1—H(xj) (n—=3)! 1—H(x)
; mm_l))fT(wz)f%(xj)}(l To(b)).
L B nb fr(z;) n(n — l)be%(xi)
i { (1= H()) } - { - H@)P | (1— H(m))?
6n!b>  fr(x;) n!pt
(n=3)!11—-H(z;) (n—4)!

me)}(l T ob)).
Further,

e e e

D7 (i) fr (@) () fr (o) (1 + O(b))}(l +o(b)),

nlb® fT(xz)fT(%)fT( k) n n'b4
(n—3)! H (z;) (n—4)!
CicjCrCy nlb

. { (1= H(@) (1 — Hz,)) (1 — H(zn)(1 - H(xn)} G
Define

wo Also let C(r) = rK(r).
Lemma 2. Under assumptions[A A3
[ wtt.g(t)dt = ags) [ urz@We () du(i + 0(@).
[t wotar=- “(”+p_11>!0(f’-1><u><1 +O0(@))
/ / () o (8) () lt s = —— / FO(2)FY (2) d2(1 + O(a™™<0»)),

M (p— D!
// 1-H fTi{ ayy® (tu) dtdu=a’R)R(CY W) + O(a’),
thf w w u u:_ﬂ U (p_g)u ”
[ gy ot dean =~ f a2 o

A [z dr} 1+ O(a)).

)fr
(t))
)
)

U v a?vte) -2 2 2v
// Ww(t,u)w(t,v) dt dudv = W/g(t)( T(f’ )(t)) dt(1 + O(a®)),

(vi(p
/%w2(t7t)dt:a2{/%dt}{/rKg(r)W;(r)dr}z(Ho(l)).
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= pfr(@) fr(zg) fr(oe) fr(e) (1 + o(b)).
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Proof. First, note that since W is a distribution function W (—oc0) = 0 and W/*(c0) = 1. Also by the moment
conditions of K,

/qu(u) du = 0 unless p = 1.

Then,
/U;SKZL <ua5> (W7 (0)Glav + 5)] 7 =
S L s

:G(s)/u_sK;L <u;s) ds =0 unless p =1. (40)

/w(t,t)g(t) dt = // t;SK;} (ta‘s) wn (ta5> g(t)dtds

t-szua / / K (u)W (u)g(s + ua) duds

— ag(s) [ wkp )Wy (w) du(1 + O(a)

Starting with

21 after expanding g(s+ua) in Taylor series around s and using the Lipschitz continuity of g. The proof of 7

22 is entirely similar (albeit longer) and therefore is omitted. Full details are available from the authors. O
Now, define
5 Y G o[ Tk — X n{Th—Ti\ £ -
A’Y7M(a) = —3b a1+ ZZZKM a K,y T FT(mi)FT(xj)a
i=1 j=1 k=1
T B (T — Ts n Tk — T\ £ ~
By ula) = —b ar+s ZZZ a Ky 0 Ky “a Fr(zi)Fr(z;).
i=1 j=1 k=1

Lemma 3. Assuming that K is max(y, p) times differentiable. Provided b = o(a) and that ba~ max(v:1) 5 0 as

n — oo, then

d

T-0u(a) = (A (a) + By (@) (1+ 0p(1)).

Proof. First, recall that

o) = 1 3 SN, (22 (552 ) o) )1+ o),

Fr(zi)Fr(z;)(1+0p(1)).  (41)

=SS [ () o ()

s () Has (7))

The central concept of the proof is calculation of d%Ky(). Recall the definition of K,

K,(u) = eZ_HS_l(l, hu, ..., (hu)”, (hu)" )T K (u),

21



and S is the (v 4 2) x (v 4 2) matrix (Sy j41)o<ji<p+1 With

g
Spi(z) :ZK(z‘ x) (zi — ), 1=0,1,...,20+2.

, a
1=1
Since Spi(xz) = Sy, depends on a we need to also calculate the derivative of the matrix S~L. For this, from

standard linear algebra we know that for a (v + 2) X (v + 2) matrix A given by

ail a2 ... a1 v+2
A= a1 azz ... az y+2 ’
Ay+21  Gn2 Av42 v+2
its determinant is given by
det(A) = Z E(U)aa(l),laa(Z),Q v aa’(v+1),u+laa(u+2),y+27 (42)
TESy 42
where for every permutation o(1),...,0(v +2) of s,40 = {1,2,...,v 4 2}, the products £(0) - ay(1),1 - Go(2),2 -

Qg (y42),u42 across the set .49 in result by multiplying a, (1)1, which is in the o(1) row and 1st column
of A, with as (2,2, which is in the o(2) row and 2nd column of A, ..., with a,(,42) 42 in the o(v + 2) row and
(v+2)th column of A. e(0) is —1 or +1 depending on whether o is odd or even respectively. Let I € {l1,...,l,42}.
Applying this to the matrix el 15 ~! yields

where for any matrix M,
AV = =1, v+
Note that by ,
det(M) = IfMMA(;}. (43)
i=1

From bh_(l"‘l)SnJ =u +o0(1),l=0,1,...,2v 4+ 2 and thus

S = —5 87 fo(bh~ VY,

aVJrl

or equivalently, by setting K7 (u) = el 1S~ (1, hu, ..., (hu)¥, (hu)* )T K (u),
K, (u) = ba~ "D K™ (1) + o(bh~ 1Y),

From and , for b = o(a) (see also the proof of Lemma 5 in |Cheng| (1994))

d b
%asn,l:/‘l+0(l)vl:07727+2 (44)
By (43),
Y bu+2 bu+2 o
s O8) = s D (CDP S S S

l€syy2

22



Thus,

d bu+2 d b b )
— N\ = _1\p() =2 e b b
da (all+"'+lu+2 det(S)) = Z (—=1)? - {(all Sn,ll) (al2 th) (alw+2 Sn7lu+2>}
d b b b
_ l
= Z (1)1)(){(daa115n7l1> <a/len7l2> . (Wsnvlv-%&)
b d b b
+ (allSn,h) (daa,l25ml2> (Wsn)lu+2) + .-

b b d
+ (allsn,ll) (alzsn,lg) (daalwrz

By (), for any k=1,...,v+2, ba='* S, ;, = aw, (1+ o(1)) and thus
ﬂ det(S) = a”*? Z (—1)P(l) (1+0(1))
alitFlote - Hiy Py - - Py o

l€sy42

= "2 det(S)(1 + o(1)).
Differentiating and noticing that det(S’) no longer depends on a yields,

d [ b+ L

Similarly, using yields

by+1

@) _  v1 40 .
WAS =a AS (I+o0(1),l=1,...,v+2.

Differentiating and noticing that A(S}) no longer depends on a yields,

d bt 0 N0

Now, combine 7 to get
pr+1

ialﬂAg) B im“lg)
dabdet(S)  da 222 det(S)

i1t Fluq2
d bt 0 bV +2
(%all+"‘+lu+2*1*1AS PREESIEE e det(S)

B (ot det(S))2

AW
=——=2 __(1+401)),l=1,2,...,.v+2.
a? det(5)
Also, from and we conclude that for [ =1,2,...,v+2

i+l po—1-1

attAl) g e — (v 1)@”14(5»”(1 +o(1)) Ag)

= ~ = (1+0(1)).

bdet(S) b Mw/—i& det(S)(l +0<1)) adet(S’)

prTe

Thus

d Ty — X d 1 v VT f
—_— = — 1 ...
da Kl/ ( a > da eu+1S ( , AU, ’ (a’u) ) (a’u) ) (’LL)

23
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(46)

(47)

(48)



243

244

v+2

5 (s o) fie (25 (257) )
" (a(ig()g)“”(l))) d% {;K (xka_l‘z) (-’L‘k a—xi>l‘1H
—%K (xka—l‘i) <$ka_xi>l—1
+a%d%K (xka—xi> (xka_xl)ll

Use back to in the second step below together with the assumption ba~™#("#) — 0 as n — oo to

(1+o0(1). (51)

obtain

From the definition of the equivalent kernel (see also (5])),

S vi2 40 - 2h — -1
Kr|=E ) = SAK< _’)( _’) 1+ o0(1)), 53
( a ) l; det(3) a a (1+0(1) (53)
v ) -1

1 [z —x; ;T — X d 2 Ag T — X T — T
- —— KV | ——— ) = — E —K 1 1)). 54
a( a ) "( a ) da = det(S) a a (1+0(1)) (54)
Using (53)) and (54) back to (52) and by straightforward calculations completes the proof. O

Lemma 4. Assume that K has compact support, it vanishes at the endpoints, is symmetric about its origin and

its first u + 2 derivatives exist. Then, as n — co,h — 0 and n*t7+1 — o,

B{B,(0)) = {p0r [ FO@F (s - - 2000 [aRp W2 wdu} (14 o0070)
2(V'p')2 n n -1 _ -2
Var {B, ,(a)} = WGR(Q)R(Cp * W) +o(n"a™"),

with Cf(x) = x(W3) (x).
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Proof. By the definition of B, ,(a),

k=
«zzi (W) 5 (“ Y () i o o

Now, the two sums can be approximated as
b2 2‘7: 2‘7: Lk — Kn — T wn Lk — Ty fT(xl)
a a v a 1—H(x;)

(2o (20 i

b3iii(mk;xi)qu( k—l‘i>Wy (mka )fT(xz)fT(xj)

<[l ) () (0

Use and back to to obtain
- :ifé{// o (22 () e
() e (*

:_:jﬂ{n/w< D) do -+ [ [ ot @) r(o) ddy (14 o)

I

V.p: aqgl\s al/+p . -
= _ay'i){ QT(L )/u[(g(u)wg(u)du_(pw/};(p)( )F( )( )dz} (1+o(n p))’

from which the result immediately follows. Regarding the variance, first set

g
Ti—8 n[%i—5§ nfTj—s
m(wi, ) = ]a Kﬂ( Ja )W”(Ja )b.

Z) Fr(@) fr(y) doe dy dz + o(b?).  (58)

Z) fr(@) fr(y) de dy dz} (14 o(n™"))




Py w(@i, z;)w(zg, 21)E (cicjerer) p
= L L2 T ()0 - ) )= Fe )

11

By f and the multinomial theorem,

—ee tudtdu)Q
+(n2_”'3)'< w(t,t)dt <//fT Vfr(u tudtdu)

(n—3 // fr t) (;)T w(t, ww(t,v)dt dudv

3 // — fT 0 (_uiq @) (w(t, u)? + 2w(t, w(t, u)) dtdu

frt) o
+n/(1_Tww (t,t)dt.

Rearranging and using 7,

EIT — (EI)? = {(”'4), — (n(n — 1))2} ((“i(;;:,)z ( / F (2)FY)(2) dz>2

n— P

GO o 2] e ([ vz oz an) ([ FO @R )

n! a?vte) _2 2 ol
g ] 90 (H700) d e R RC W)

g s | f rgomi e

+ na? {/%dt} {/TK”(T)W"(T) dr}2

- <ag / uK,) (u u) +0(n?a*) +o(n"ta™?).
25 Rearranging the above expression, multiplying by (v!p!) 2q=2(»+5) and noticing that the dominant term is
us a’R(g)R(C W) yields the result. O

Lemma 5. Asn — oo,h — 0 and na* ™73 — oo, and b = o(a)

1 (z d
nat (6’”,7(@) - 9%7) = N(pis, 02),

where
1 +90 x
poe = ply! {/ < > du}/ M na“+7+10#ﬁ+2u7+2(K7) + O(a),
o2 = 2(uy)2a R(g" ))R (WiKZ).
Proof. Set
g
Ty — Tk Ckl
v = W:/l o )
Vi, ; ( " ) A ()
and

Hkv = E(wlk,u)-
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Now, note that by Lemma 2 in [Bagkavos and Patil (2008) in the third step below,

v (252) -
/W” ( ) fr(t)dt(1 4 o(bn™P)). -

’“) bfr(z;) dt(1+ o(bn™?))

By (6) of Bagkavos and Ioannides| (2020), Lemma 2 of Bagkavos and Patil| (2008) gives

Bikte) = [ Wi <t -

By the independence of X; and X» and using (7) of Bagkavos and Ioannides| (2020)),
n Ti— Tk n Ty —
B i) = Z Wi (2w (B ) B A0+ o)

+ Z ZW[LL (mi ; xk) w3 (xj;xl) b fr(z;) fr(z;) (14 o(n=?")). (61)

)Wg <t_a:”l> - _f(;}(t) dt(1+ o(n™1)). (60)

Then,

) 1] n n g
9#7’7(a’> = (l:ll;);g Z Z Z b ('(/)lk:,p, H’k{‘/)(wmk,'y - Mk,,u,)

1=1 m=1k=1
,U/"Y' n n g "Y' n n g
F s DY Y bk bt s+ Yok b ) Z DO bpkttny (62)
(nb) - -
=1 m=1k=1 =1 m=1k=1
The next step is to prove
g d n2b?
= S Pk ) mse sk | 4N (0 g RO ) )9
<l<m<n =

g
Z bk, tr,y — plvla™" x

v v+2
{‘;,R(F;”H - / YR / uv+2K;}(1+o(np)), (64)

(v+2)!
and ,
i n 1 (14 68,,)a? }
b v —16,,+ —2L" 9, K+ It 65
( ; 1; Uk, Mk, b2 { Y (:U/+ 1)(M+ 2) ,;L+2N#+2( #) O(a ) ( )

Then, asymptotic normality of GM,V(a) will follow by using 7 in . Establishing 7 depends on
repeated use of the following approximation. By ,
wl) fr(t) dt}

it = {/W: (’5 ‘a"”’“) 20 dt} {/W: (t_a
- QLL {/w: (’5 - “””’“) fr(t) dt} {/W: (t - xl) fr() dt} (1+ o(b?a=("1))
- auﬂ {/K ( mk) Fr(t) dt} {/K ( xl) Fr(t) dt} (14 o(b?a~*1))

= WGQ {/Kj(u)FT(xk + ua) du} {/K;(U)FT(CC[ + ua) du} (1 + o(b?a=(+r)))
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1496,,)avtrt2 , . )
WFT(, )(xk)Fj(f +2)($z),uu+2(K#) + O(CL +M)}

(L+o(b%a= ). (66)

In showing (63)), Theorem 1 of [Hall (1984) is applied to U,. Let

g
Hp (X1, X3) = b2(1/)1k,u — k) (Vb y — k),
k=1

Hn(Xlax) =b (wark,u - ,uk,’v)(wlk,'y - ﬂk,u)v

B

>
Il

1

9 R I -2 b (f)
_ Tj — Tk (k-2 2 +3]
Yok = (nb) ™" E wp ( ) 2" z€eR,
= a 1-— H(Jck)

Gn(xa y) = E{Hn(Xla J,‘)H (Xla )}
9 g
= b Z Z Yk — ey )yt — 7)) Bk — fk) (V114 — f,0)-
k=11=1
By definition, H,, is symmetric and E(H, (X7, X2)|X2) = 0, thus
Un= DD Hu(Xt, Xon)
1<i<m<n
is a degenerate U-statistics. Proof of will follow by application of Theorem 1 in [Hall (1984)), according to

which U, — N (0, 1n?EH2 (X1, X5)). According to the theorem, (2.1) in Hall| (1984) must be verified first. For
this, first note that

2
9
E[H?(X1, X2)] = (Z (Vireu — oy ) (P2k,y — Mk,;J)

k=1

g g

= V"B Y Wik — 1) WGakiy — pk) @Crie — b)) (W21 — o, p0)
k=11=1
g

= b’E

M:Q

Z Uik pV2ky — Pheu Wik, — Py W2k, + Hkey bk, )
1

x>
I

1

~

X (V1 pth21y — i — Ay ary F 1y )

g
Z (DrkpWrhy — Wy — My D2k + My fgt) )
1i=1

\2
Mm

e
Il

B
M=

2
v? {E¢1k,uwll,'y — Pk My — Bkl + ,Uk,'y,ufl,u} . (67>

>
Il

11=1

Using and in yields

g g 2
E[H} (X1, X)) b?ZZ{ (Y1 puth2y) — é’mF§7><xk>F§>(w)

k=11=1

-~ (u)?

2
2 b2
' (wi) Fyt (1) + WF%”(%)F}“’ (1) + 0<a2>} (1+0(b*n ™))

:awﬂ) / / (t,u)g(t)g(u) dt du(l 4 o(b*n~F))
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4
- 7a2?,f+'y) / / / w(t, w)w(t,v)g(t) fr(u) fr(v) di dudv(1 + o(b*nP))
4 2
+ e | [ et @ aran) @ o)+ o). (68
Using , and in ,

k=1 1=1 —lpt
a2(+7) (r—2) 2 , : § )
* m/g(t)( T (t)) dt(1+ 0(a*)) + aR(g)R(C}  W,') + O(a )}
2
= #R(Q)R(Cﬁ *WA)(1+o0(1). (69)

Working in an entirely similar way

b4

4
ElH, (X1, X2)] < =

R(K3)* (1 + o(1)),

E[Gp(X1,X2)] =0 (b8a—4(u+v)) 7

which concludes the proof of . Regarding , first note that

n

n g n g9
D IP PILWINELS) B DTN v
=1 k=1

=1 m=1k=1

Now, using in the sixth step below that W7 (t) = ba~*W}(t), we have,
| S | 13 13

3 Z Z Uk, Mk, = bjE Z bk, ik, = = Z bk, (EYng,) = 0 Z bz,

=1 k=1 k=1 k=1 k=1
2
1< J n Ti— Tk —1/2
= b?Zb > owy - br(z:) (1 + O, (bn~1?))
k=1 \i=1

—v a’ v CLV+2 v v v * —
- {.Rw)” (wz)z/FY(“)F} [ +2KV}“+°<” )

Thus,

[P v+2
’Y v a v v v * —
Z Z Zb’lplk,ltﬂk,ﬂ = Q- ’Y'a’ {V'R(F’Z(“ )) + (1/ I 2)| /FI(“ )FI(“ 2 /u +2KV} (1 + 0(” p))7

=1 m=1k=1

from which immediately follows. For , first note that

n

g9
'V' Z Z Zbﬂk bty = % D btk (71)

I1=1 m=1 k=1 P
Now,
zg:bﬂk —zg:b{zg:W” (x’_%) C’“l }{an (xl JJk) E(ck) }
—~ sk = 2 £ v a 1 - - H( S
_ aylw {;,j: » WQU,WWHQ(K;HO(QVW)}. (72)
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248

249

By ) and ()

n

! 1 avtH (1+ 5uu)a”+“+2 . vt
nb 5 Z 2:1 Zb,uk wlky = DRarn {,M!V!HV’M + WQV,AH'Q#IH‘?(KM) +o(a”) ¢,
=1 m=1k=1

from which (65)) immediately follows. O

Lemma 6. Assume that K has compact support, is Lipschitz continuous, is symmetric about its origin and its

first ;. + 2 derivatives exist. Then provided that h ~ n~/(#+7+3)

0, (a;\(h)) — 0,5 (ax(h)) = o(n_1/2).

Proof. From the expressions for E{B,, ,(a)} and Var{B,, (a)} in Lemma

By = ya 5/F (2)dz + op(a). (73)
Moreover note that
Apyla) = a;;yl /Fp)(Z)F;N)(Z) dz + op(afl). (74)
Now, by the mean value theorem
. . d -
Oy (a5(h)) = Opy (ar(h)) = %eﬂf‘/(a)‘a:a* (a5(h) —ax(h)), (75)

where a* lies between a5 (h) and ax(h). By Lemma can be written as
s (a5 (1)) = B, (ar(h) =
{(A4y(a") + By(a")) (a5(h) — ax(h)) + (Au(a”) + Bu(a®)) (a5 (h) — ax(h)) } (1 + 0p(1)).  (76)

Using and in yields

Oy (a5 (h)) — éu,v (ax(R)) = 0p(1/a*) (a5 (h) — ax(h))
& Zil*i) C(K)D(0)h i (5\u+'2yfl _)\wiﬂ)

= o) { (34 0yt

= 0p(1){ AFF T + ﬁ P Rz==10) (Y2 AT S = o, (n1/2),
1
O
7.2. Proof of Theorem[3
Let p, = fu”K and define the function Ly as
La(h) =h {u;#wéﬂ,y(m(h))}ﬁ — T R(K) T
Assume that K is positive only on [—~1,1]. Then, for a fixed censored sample X1, ..., X, Li(h) = oo as h — 00

and L3 (h) <0asa;s(h)lband 0<b]0 (e.g. b0 meansb— 0+ (i.e. b goes to zero from above). This means
that L5 (h) has roots on the positive real line. Note that h is a root of L (h) and oo wT Then,

1
0= Ly (h) = A { B (a ()} — 0 RO (77)
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Using Lemma 6]

1

[usas )} = Ll (n() + 0,97

_ {éw(m(h))}ﬁ + ﬁ%l {éu,v(aA(h))}ﬁil 0p(n~1/2)

= {Bulasi)} T o). (19

Using back in yields

La() = b {2} (B (an ()} < R

and thus
N ~ —1/2, — 17 B ~ _ ;Hr’vtl
La(h) = Ly (h) + Op(n~Y2n~#71) = L (h) + O, (n Sty 1>).

By Lemma [ and the Delta method
n La(he) % N, o?),

with
nty 1
H1 = E{ alh*,u’ﬁﬂ’ 19#7(0[)\(}0)“44_1}
_nouh Mu+’v IE{QMV(O&/\(h))ﬁ}

ply! -
o e (2t ) o) ks

pty
—1
=n* T he 4™

(1+5 ) . M+’Y 1
ﬁhzeu,wzuwz(f{ )
o u+vl : 7 . na1(1+§ )’Y' 'yl 2—(uty) .
= n%p #u+7 9;+ + (7+2)'(M :;Yy+ 1) *ﬂu+v 0 u+7+ 0#7’Y+2M7+2(K’y)
! R
g@?ﬁp/W@Kw
after using in the last step above the expansion
1 L

g(),

{0uq(a) +g(x)} =T =0, (a) 77T + 19u77(a) p =t

p+y—
where g(z) is a generic function. Then, using the definition of k. (see (14))) in (81) yields

1
221 =n* 2 (27_ )( ) ClAl’l o M";ijrrwleuﬂ I
n N"y«l»?(K )0~+2,4+2

P Sy e e
(Y+2) u+v+1) "

2 (2y—1)(y)2C1 A =i
X {( 71— DOY7C U} eu,www(z{;)(ux—l”o(n—la—mwﬂ)_

n #3+2(K:;)97+2,7+2
Also, 0% is given by

ot = Var 0 L)) = Var (" iy )7 |
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2(p+y) 1 92=(r+7y) 2(’“!7[)2

_ 201132, a1 +y-1 TN n n

=n e pt+y—1 wi n2a2(u+7)*1R(9)R(C“ * W)
2pty)  4A=2(pty) 2(u!y?2

= o2y B g b R(g)R(Cy W)

a1 (p+y = 1)

2v+1

Use the fact that from (7)), a(hy) = C(K)D(0)h2™ as well as the definition of h, in to obtain,

e, BPRGRCE W) e
L <H 2y ) 2t -1 o
w70 {cwpoiFH

2(2A,+3)—(2"r+1)(22(u+’v)—1)
3 2743
_ 2 e B2 ]2 (@20 - DODCiAL e
pty—1 !

2
no o (K5)0y 42,42
4—2(p+v)

x {C(K)D(0)} 2" R(g)R(Cr + W)0,57

Further,

d A T
ZLa(h) = {50 (ar(h) |
puty 1

+h pty—1
ey

2—(uty)

x C(K)D(ga)h 751

(73], (74) —H — _
@)@ {u?"yﬁ/F}“)(z)Fp)(z) dz + o,(a™t) + pat 5/F§”)(Z)Fp)(z) dz

{Anu(ax(h)) + By u(ax(h) + Any(ax(h)) + Bny(ax(h)}

av—1

1
+ —V/F}V)(Z)F}”)(z) dz +~a? > FT(«#)(Z)FQ(«’Y) (2) dz} R op(1). (82)

Now,

La(h) = La(h) + - La(h**)(h — h.), (33)

where h** is between h and h,. By and (3)),

_ _pty+l
o h—h. o [(La(h) = L(hy) . Oy (n 2(u+w—1>) — Lx(h) (84
n _— =N _— =N .
h. Bk Ly (=) Rk Ly (h*)

Using in the denominator of and subsequently applying yields

n® (h ;*h*> = (R(nf()> o L)\(h*)(_l + Op(l)) i N(lU’DPIvU2DPI)7

0 which completes the proof.
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