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Abstract

The present paper examines how improvements in consumers’ environ-
mental awareness influence the choice between output and emission taxes,
within a framework of imperfect competition and endogenous choice of
abatement level. We first show that in the absence of policy intervention,
there exists a level of environmental awareness beyond which welfare is
decreasing as market imperfections become more prominent relative to
environmental concerns. We also confirm that both output and emission
taxes are welfare superior to the free-market case. What is surprising
however, is that the welfare performance of an optimally chosen emissions
tax is monotonically decreasing in consumers’ environmental sensitivity,
while the opposite is true for an output tax up to a certain level. At low
levels of consumers’ environmental awareness an emissions tax is welfare
superior, but eventually, there is a level of environmental awareness be-
yond which an output tax welfare dominates an emissions tax. Therefore,
an emissions tax is better suited to societies that have not yet developed
high levels of environmental awareness, while societies characterized by
high levels of environmental awareness should prefer an output tax.
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1 Introduction

Over the past few decades there has been clear evidence of a continuous increase
in consumers’ environmental awareness. Based on the emergence of "green con-
sumerism", a substantial literature has been developed examining mainly its
effect on private sector’s voluntary environmental actions. However, this im-
portant behavioral change could also have substantial effects on the design of
environmental policies. The present paper addresses this issue by examining
the effect that the level of consumer’s awareness has on the design of optimal
environmental tax policy. We define green consumer’s utility function assuming
that her choices depend on the product’s level of pollution: at higher pollution
levels the green consumer decreases her consumption. This assumption is based
on increasing evidence that consumers are worried about the level of pollution,
they feel well-informed and they believe they can play a role in protecting the
environment (see for example Eurobarometer (2014) and (2017)). On the emis-
sions generation side, we assume that firms can engage in end-of-pipe abatement
through fixed investments, such as pollution filters and scrapers. Since fixed in-
vestments go in pair with imperfect competition, we focus on cases where firms
have market power.

Within this framework, we first examine the welfare effect of increasing en-
vironmental awareness in the absence of government intervention. We find that
increases in consumers’ environmental awareness are not monotonically related
to social welfare: beyond a certain point, further increases in environmental sen-
sitivity may be welfare decreasing. This apparently strange result is due to the
fact that consumers "punish" polluting firms by reducing their consumption in
a market where consumption is already too low, due to imperfect competition.
Thus, any benefits from further internalizing the externality must be weighted
against costs from reducing consumption. This suggests that there is an op-
timal amount of environmental awareness, which is below the actual marginal
environmental damage, a result similar to the adjustment of the Pigouvian tax
under imperfect competition.

We then turn to examine the effect of environmental awareness on the op-
timal choice of environmental taxation: we compare its effect on emissions and
output tax. For a given level of investment on abatement, whether the tax is per
unit of output or pollution is of little importance, since the relation between the
two is fixed. When, however, the choice of such investment is endogenous, the
two types of taxes create different incentives for environmental investment and
may affect consumption, pollution, and finally total welfare, in very different
ways.! When consumers’ behavior is not affected by environmental considera-
tions, simple intuition suggests that an optimally chosen emissions tax cannot
be welfare-inferior to an optimally chosen tax on output, since it aims directly
at the desired target, and therefore produces greater incentives for investment
in abatement; as a result, the emissions tax provides greater output and cleaner
environment. However, in the presence of environmentally aware consumers the

1See Crémer and Thisse (1999) and Constantatos and Sartzetakis (1999) on how the tax-
ation per unit of output affects product specification, which is based on fixed costs.



relative performance of the two taxes becomes more complex. We show that
increases in consumers’ environmental awareness affect negatively the welfare
performance of an emissions tax, while on the contrary, they increase welfare
when an output tax/subsidy is used. As a result, while for low levels of en-
vironmental sensitivity an emissions tax produces higher welfare relative to an
output tax as expected, at high such levels the output tax welfare dominates.
Intuitively, improvements in consumers’ environmental awareness apart from
the direct decrease in consumption yield also reductions in the output tax rate
which indirectly increase consumption. After a certain level of environmental
awareness, the indirect effect on consumption dominates, thus leading to a)
greater consumption value, and b) greater incentives for investment in abate-
ment. The above results can be better understood if we consider environmental
awareness as an emission reduction instrument, which, despite its voluntary
nature, works much more like an emission rather than an output tax. In this
respect, it is clear that in the presence of two distortions, environmental aware-
ness complements efficiently the output tax, which can even turn into a subsidy
to correct the market distortion when high levels of environmental awareness
address effectively the environmental distortion.

The discussion of negative externalities in most textbooks leads to the Pigou-
vian tax levied either on emission or output, assuming, explicitly or implicitly,
that output and emission taxes are equivalent. This equivalence is based on
the assumption that the amount of emission produced per unit of output is
immutable, ignoring the realistic possibilities of engaging in abatement. Recog-
nizing that a given level of output may yield different levels of emissions, breaks
up the equivalence of output and emission taxes. A significant literature has
been developed examining the optimal choice of environmental tax instrument
in different settings. Schmutzler and Goulder (1997) compare emissions and out-
put taxes in a partial equilibrium framework and in the presence of imperfect
monitoring of emissions, while Fullerton et al. (2001) and Cremer and Gah-
vari (2002) in a general equilibrium framework. Goulder et al. (1997) examine
the interactions with pre-existing distortionary taxes. More recently, within a
Cournot framework, Aoyama and Silva (2016) compare the effectiveness of out-
put and emission taxation in promoting the adoption of advanced abatement
technology. Although the latter paper is closer to our analysis, it does not
address the effect of consumers’ environmental awareness.

The increasing importance of green consumerism has raised the question
of the appropriate adjustments to the traditional environmental tax and sub-
sidy policies and furthermore initiated a discussion regarding the effectiveness
of information campaigns and advertising, aiming at increase environmental
awareness, as an additional policy instrument (see for example Petrakis et al.
(2005), Nyborg et al. (2006), Brouhle and Khanna (2007), Sartzetakis et al.
(2012) and more recently Podhorsky (2020) in the form of certification stan-
dard).? The literature has approached the emergence of green consumers using

2In a slightly different setting Marsiglio and Tolotti (2020)consider the case in which indi-
vidual behavior is determined by social effects and intrinsic motivation and find that a subsidy



different frameworks. Most of the models assume that green consumers differ-
entiate products based on their environmental attributes inducing some firms
to produce a "greener" variety of the product. This differentiation has been
examined mainly within a framework of vertical differentiation (Bansal and
Gangopadhyay (2003), Garcia-Gallego and Georgantzis (2009), Bansal (2008),
Deltas et al. (2013) and Doni and Ricchiuti (2013)), and less within a frame-
work of horizontal differentiation (Conrad (2005)). Alternatively, Gil-Molto
and Varvarigos (2013) examine the case in which environmental consciousness
leads consumers to devote resources to reduce pollution (participation in car-
bon offsetting schemes, donations to NGOs, etc). Although some of these papers
confirm our first result, showing that increasing consumers’ responsibility is not
always welfare improving, no previous work compares emission and output taxes
in the presence of environmentally aware consumers.

The present paper contributes to the above two streams of the literature
by examining how environmental tax policies perform when consumers’ choices
depend on the level of their environmental awareness. The paper’s main result
is that an emissions tax welfare dominates an output tax at low levels of envi-
ronmental awareness while the opposite is true for high levels of environmental
awareness. The paper also sheds light upon the different specifications of the
environmentally aware consumer’s utility function used in the literature.

The rest of the paper is structured as follows. Section 2 presents the model
with an extensive discussion on the construction of green consumer’s utility
function and social welfare and also lays out the structure of the game. Section
3 presents the firms’ choice of output and abatement, while Section 4 presents
the benchmark free market equilibrium. Section 5 derives the optimal output
and emissions taxes. Section 6 compares the optimal values of output, abate-
ment, environmental damage and welfare under the two tax regimes. Section 7
discusses robustness of the results, and Section 8 concludes the paper.

2 The model

2.1 Production and pollution

Consider a monopolist producing @ units of product X. Marginal production
cost is constant, and for simplicity normalized to zero. The production of each
unit of X generates J units of some harmful pollutant. The monopolist can
remove a certain amount (or the entirety) of its pollutant’s emissions using end
of pipe technology.® Examples of end of pipe abatement include scrubbers to
remove SO, from flue gases and setting basins and centrefuges to reduce the
sediment content of pulp and paper mill effluents. Given the importance of the
abatement specification, we take a moment to explain the key modelling as-
sumptions. In particular consider scrubbers that remove SOs from combustion,

designed to promote a green technology could have exactly the opposite effect under certain
conditions.

3End of pipe abatement is only one of the options available to abate pollution (others
include changes in the production process, in the use of raw material and energy commodities).



which are still used widely globally.? Fixed costs® are the main part of scrab-
bers’ total cost, with variable costs® being of very small importance for most of
the techniques.” Furthermore, a firm that either chooses higher quality among
the existing technologies or invests in end of pipe abatement R&D, increases its
ability to remove higher level of emissions. The amount of emissions removed,
can be considered independent of output, although scrubbers remove a certain
percentage of generated emissions. This is so because coal-fired power plants
(base load plants) produce at capacity throughout the year and thus, scrubbers
installed on them remove an almost fixed amount of emissions (abatement at
capacity emissions).®

Let v indicate the monopolist’s choice of abatement, which could alterna-
tively be considered as the choice of the level of R&D in improving end of pipe
technology. As stated above, increased spending on abatement facilitates the re-
moval of higher level of emissions. Thus, firm’s net emissions are e = §Q —v > 0.
Without loss of generality we set & = 1, therefore v € [0, Q)] to ensure non nega-
tive emissions. Based on the above discussion, abatement costs are mainly fixed
and thus, independent of the level of production. We assume that abatement
cost is quadratic in the amount of abated units of pollutant,

C =k k>1. (1)
The total environmental damage generated from pollution is,
D = zée?, (2)

where 2z is a parameter transforming units of emission into environmental dam-
age, that is, reductions in social welfare.’

2.2 Individual Preferences

We assume a finite number n > 1 of identical consumers. The pure consumption-
utility of the representative consumer from good X is,

1
U:aq—§q2+M, (3)

4Schmalensee and Stavins (2013) report that in 2010, 60% of power plants in USA use
scrabbers, while their use in China is more widespread according to many sources, as for
example Xu et al. (2009).

5Capital and fixed operating costs (administration, maintenance, etc.).

6Variable operating and maintenance costs (cost of sorbents/reagents, cost of disposal of
by-products, power and water cost, etc.).

"See for examle cost data presented in Cropper (2017), Table 13.4 and in Miller (2015),
Ch 4.5, p.233-40.

8Since in order to serve the total demand, including peaks, other type of plants-with
different technology, use of fuel and abatement technology—have to operate, the choice of total
output can be considered independent of the choice of end of pipe technology in the coal-fired
power plant.

9The parameter z results from a complete environmental evaluation study integrating social
preferences and technical aspects, determining the "objective" damage caused by emissions.




where o > 0, ¢ > 0 is the individual consumption of X, and M represents
the amount of the numeraire-good consumed.'® Assuming a sufficiently large
consumer income as to avoid corner solutions at the choice of good X, allows us
to dispense with M hereafter.

The utility function in (3) corresponds to a consumer who cares only about
her individual consumption, yet in this work we want to allow consumers to
take into account, even partially, the environmental damage product X gener-
ates. In modelling environmentally conscious consumers, we first assume that
each individual consumer knows the total amount of net emissions, ) — v, that
the good X generates. Furthermore, she can develop a good, certainly not per-
fect, understanding of the consequences of the pollution generated by total net
emissions, an understanding that reduces her willingness to purchase good X.
She also realizes that, although her own consumption affects total consumption,
the change is insignificant when n is large. Accordingly, we assume that she
ignores the effect of her own consumption on total net emissions when making
her choices.!’ That is, the environmentally conscious consumer realizes that
neither v, nor (), are under her control and for that reason she focuses on total
emissions, taking e as exogenous.

Following the above specification of environmentally conscious consumers,
the representative consumer’s behavior is dictated by the following utility func-
tion, which is a decreasing function of the monopolist’s net emissions:

(a—qﬁe)q—%qz—i—M ife>0

0 (aie) = { o (@)

where ¢ > 0 is a taste parameter expressing consumer’s aversion to pollution. In
order to rule out some uninteresting cases, we assume that « is large enough as
to keep the term (a — ¢e) positive. Consumers with different values of ¢ differ
with respect to the intensity of their aversion towards total emissions. Since
we are using a representative-consumer model, we assume that all consumers
within a given society and at a given point of time have the same preferences,
i.e., the same value of ¢. Different societies, or the same society at different
time points may be characterized by different values of ¢. _

When ¢ = 0, consumers do not react to pollution and thus, U = U. When
¢ > 0, U allows for partial internalization of the environmental externality:
socially responsible consumers adopt a consumption pattern other than the one
dictated by strict consumption-utility maximization. This provides an element

10This is a simplified version of the more general utility function specified along two di-
mensions of firm heterogeneity, vertical product differentiation and substitutability: U =

> ogi — % < qi2 +2v 3 qiq; | + M, where v € [0,1) measures the degree of substi-
1,n i£j

i=1,n i=1,

tutability between products (see Hackner (2000) and Garella and Petrakis (2008)). In the
present paper, we assume v = 0, which implies no substitutability among product types and
allows us to concentrate on a single monopoly.

11 As it will become apparent after deriving environmentally conscious consumer’s demand
in (5), assuming that she takes into account the impact of her consumption on total emissions,
would simply change slightly the slope of her demand function without any qualitative results
on the model.



Figure 1: Individual consumer’s Demand curve

of vertical differentiation to the model, since a reduction of a product’s overall
emissions corresponds to an increase in its quality.'? In order to avoid more than
100% internalization of the environmental damage, we assume that ¢ < z.13

For any given e > 0, the representative consumer’s inverse demand func-
tion is obtained by maximizing (4) with respect to ¢, assuming e is treated as
exogenous by the individual:'4

B (v — ¢pe) — q ife>0
p= a—q if e <O.

(5)

In Figure 1, the line D (q;e) (green line) illustrates an individual’s inverse
demand represented in (5) for e > 0, while Dy (¢) (blue line) represents the
demand deriving from (3), corresponding to either ¢ = 0, or e < 0. For any

12 A reduction in a product’s total emissions mitigates the lowering of consumers’ willingness-
to-pay due to the good’s environmental impact.

13 Overinternalization of the externality could be due to either misinformation, or consumers
hating emissions per se, independently of the damage they create. This assumption is by no
means crucial, but it is reasonable and in some instances makes proofs somewhat easier.

14 Striclty speaking, since e = Q —v =6 (Ej# q; + qi> — v, the consumption of individual
i does affect emissions. Nevertheless, we assume that n is sufficiently large for this effect to
be ignored by i. Except for a slight modification of the equilibrium expressions, no qualitative
result is affected by this assumption.



given level of environmental sensitivity ¢ the green consumer’s demand Dy has
been drawn for a given level of e > 0, its position depending negatively on
the level of e. For any given ¢, the Dy (¢) line constitutes the highest possible
position of the demand function since, in the absence of warm glow effects (see
below), if in some way total emissions disappear, there is no longer point to
show environmental responsibility.

Rather than emissions-haters, environmental vertical-differentiation mod-
els commonly assume consumers to be abatement-lovers, enjoying consumption
utility according to the function U = (a+ ¢v) ¢ — 4¢*.'® The dashed purple
line denoted by Dy on Figure 1 illustrates the abatement-lover’s demand. It is
clear that with both abatement and net emissions being positive, the demand
function of the abatement-lover lies above that of the environmentally insensi-
tive consumer (deriving from utility U in (3)) while that of the emissions-hater
green consumer (deriving from utility specification U in (4)) lies below that of
the not-environmentally conscious consumer.

From the specification in (5) it follows that for ¢ > 0, and e > 0, at any price
p1, the environmentally sensitive consumer chooses ¢; instead of ¢;-as indicated
by the demand function deriving from U —but still values her consumption
according to the demand curve Dy, deriving from U. In terms of Figure 1,
the total consumption value of the g; units consumed corresponds to the area
0caAqy, instead of the area O(a — ¢e)E ¢1 under Dy. We term the former as
"social responsibility" (SR) approach and the latter "hedonic" approach. In the
SR approach, environmental awareness is viewed as a self-imposed sacrifice of
q1 — q1 valuable units, whereas according to the hedonic approach the quantity
reduction is the result of a change in preferences, due to an acquired genuine
distaste for the good.

We use the term "hedonic" because consumer’s involvement creates psycho-
logical rewards, whether positive or negative, that must be taken into account
by the social planner. For instance, in many vertical differentiation environmen-
tal models, consumers value product-types with superior environmental perfor-
mance as higher qualities and their consumption yields higher utility.' This
is equivalent to assuming that through a warm-glow effect, greener consump-
tion creates happiness on its own, over and above any positive impact it may
have on the environment. Consequently, the social planner should favor the
consumption of greener goods even if their impact on the environment were
completely illusionary. In our context, following the hedonic approach would
imply negative rewards: since the consumer is motivated by her aversion to total

15Social consciousness is commonly interpreted as appreciation of a particular characteristic
of the good that is environmentally friendly, for instance, abatement. The equivalent of
(4) assuming abatement loving consumers is: U = (a+ ¢v)q — %q2, where v (abatement)

corresponds to the quality-measurement parameter. The use of U is appropriate when green
behavior is motivated by private benefits from the specific characteristic (e.g., health benefits
from avoiding environment-damaging pesticides). While in our context we consider the use
of (4) as more appropriate, note that it makes little difference whether one uses U or lA], see
Section?.

16See for instance the case of abatement-loving green consumers, described earlier.



emissions, higher levels of the latter would imply higher reduction of a product’s
consumption value. Again, even if the presence or impact of such emissions on
the environment were completely illusionary, the social planner should restrict
the good’s consumption in order to make consumers happier.

In this work we use the SR approach, assuming that green behavior of a
socially responsible person comes directly as a self-restriction, rather than indi-
rectly through a change in her tastes. In other words, we define social respon-
sibility as a conscious altering of behavior, not of preferences. This implies a
dichotomy between decisions-guiding utility and derived wutility: consumers act
as if they were guided by the utility function U in (4), but for any given quantity
finally consumed, their satisfaction is given by U in (3). In other words, social
responsibility leads to reductions in the consumed quantity without affecting the
value of the units finally consumed.

2.3 Aggregate Demand and First Best

The social planner, as well as the monopolist, base their decisions after observing
aggregate demand. The latter is obtained by first deriving individual direct
demand from (5), aggregating it over n consumers and then substituting e =

Q — v to get, Q (p;v,P,n) = ﬂl%ﬂ’z — 1+"¢np.17 Inverting this we derive the

aggregate inverse demand curve,

(a+¢v)—1—+n‘MQ ifQ>wv
a—%Q ifQ <wv.’

Note that the lower part of the above is the aggregate demand deriving from
U in (3), depicted as Dy on Figure 2. Its presence is due to the fact that
warm glow effects are ruled out, and therefore as soon as net emissions become
non-positive (Q < v), there is no longer room for green behavior. Thus, the
effective aggregate demand—depicted by the green line on figure 2-is composed
of two segments: one pertaining to Dy (@Q;n) = o — %Q, up to @ = v, and a
second, pertaining to D (Q;n, ¢,v) = (a+¢v) 71—";;@@, for Q > v. Because we
consider that within the current state of technology non-positive net emissions
correspond to a rather unrealistic outcome, we restrict all equilibrium outcomes
to lie on the Dy segment of the demand function.'®

Social welfare W represents consumption value minus the sum of environ-
mental damage and abatement cost. Since we have assumed no production
costs, for any given quantity @) the consumption value is the area below the de-
mand curve up to @, and comprises consumer surplus, profits and tax revenue;
any redistribution among these components does not affect welfare as long as it

P (Q:v,6.m) = { (6)

17Notice the change in the demand function’s arguments. Although e is exogenous to the
individual consumer’s choises, for both the monopolist and the government e is endogenous,
depending on the choice of @ and v.

18 This is obtained by placing an upper bound on the admissible values of ¢ (see the discus-
sion i) after the exrpession (14), and i) after Lemma 1)
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leaves total consumption value unaffected (transfer). Hence,

W:iuifoC’,

i=1

in which D and C must be substituted by (2) and (1), respectively. In accor-
dance with the SR approach, u; is substituted by (3),'” to obtain,

W:ZUi—D—C:Z<aqi—%qz~2) —2(Q —v)® — kv*.
i=1 i=1

As it turns out, the parameter « enters multiplicatively in all the expres-
sions and plays no role in any of the results, it is therefore normalized to a = 1,
without loss of generality. We also assume that z > o = 1 implying that the
environmental damage is of at least equal importance for welfare, as consump-
tion is. However, no analytical results are possible without resorting to some
further simplifying assumptions that are not mere normalizations, and for this
reason their role is discussed in a special section, where it is shown that they do
not qualitatively affect the results. Along with the already stated assumption
d = 1, we also assume k£ = 1, and also set n = 1.2 Using these assumptions
aggregate demand is, p = (a + ¢v) — (1 + ¢) ¢, and the social welfare function
simplifies to,

W:(1+2vz)q—[(%—I—z)qz—l—(l—i-z)UQ] : (7)

Armed with the above we can determine the first best outcome, in which a
benevolent regulator is able to determine directly both quantity and abatement
level. Direct maximization of (7) obtains (hereafter, the superscript "" denotes

first-best values):?!

142 z

* = * = . 8

1+32 "~ 1+32 ®

Since for all finite values of z, ¢* > v*, net emissions at the first-best, e* > 0,

are positive. Net emissions e* and the resulting level of environmental damage
D* are:

1 z
* , D* — . 9
1+32 (1+32)° )

19The traditional method of substituting (4) into the social welfare function corresponds
to the hedonic approach. As shown in section 7 using (4) instead of (3) in W does not
significantly alter our results.

20With a single consumer it may look like individual and aggregate demand coincide. How-
ever, this ignores the fact that we keep assuming that (even if alone) the individual consumer
does not realize the impact of her consumption on emissions (as if it were caused by the con-
sumption of other people), whereas the social planner and the monopolist do. By introducing
this "myopia", the assumption of n = 1 remains a purely simplifying one, without qualitative
consequences for the model.

211t can be easily verified that (82W/8¢%) = —2(1 4+ 2z) < 0, and (82W/0v?) =
—2(1+22) <0.
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Finally, social welfare at the first best is,

1+2 1
L S 1
W =53 ~ 2! (10)

Note that, given the specification of the welfare function in (7), the equilib-
rium values at the first best are independent of consumer’s environmental con-
sciousness.?? The regulator defines optimal output and abatement level solely
based on the environmental damage parameter z, ignoring consumer’s effort to
internalize the externality.

3 Second best

3.0.1 Game Structure and Government Intervention

We represent the market outcome as a perfect information two-stage game be-
tween the regulator and the monopolist. At the first stage the regulator chooses
a tax base—either net emissions (emissions tax), or total output produced (out-
put tax)—and the corresponding tax level, in order to maximize social welfare. At
the second stage, taking the tax type and rate as given the monopolist chooses
abatement and output in order to maximize its own profit.?3

Under the assumption that the production of one unit of output creates one
unit of emissions, for any exogenously given level of abatement the two types of
taxation are equivalent, since the effect of one can be replicated by the other
through an appropriate adjustment of the tax-rate. This equivalence may no
longer hold when the abatement decision becomes endogenous.?*

3.0.2 Second Stage equilibrium: the firm’s choice of output and
abatement.

Assuming a tax rate ¢ on output, the monopolist’s objective function is,

T=(p—1t)q—° (11)

22Had we instead assumed that W = U-D-— C, all the expressions would depend on ¢.
Maximized welfare would then be W = —%q2(2z +2¢+ 1) + qv(2z + ¢) + 1) —v3(z + 1)

with dW/dd) = — (¢ —v) <0, implying that increases in environmental sensitivity reduce the
maximum welfare that a society can attain! This is due to the fact that computing the value of
consumption from (4) implies that increases in environmental consciousness reduce the value
of consumption.

A similar pattern holds if instead of emissions haters one considers environmentally sensitive
consumers as being abatement lovers, as in footnote 10. If in the social welfare function u is
replaced by U, the first-best maximum welfare becomes an increasing function of ¢. For ¢ > 0
abatement produces a prozac effect, since it increases ceteris paribus the value of consumption.

23Implicit in the game structure is the assumption that the regulator can credibly commit
to a single tax rate before the monopolist decides on abatement and output.

24See Cremer and Thisse (1999) and Constantatos and Sartzetakis (1999) for the case of
output taxation in markets characterized by pure vertical-differentiation.
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whereas if the tax is on emissions, the profit function is,

T=pq—t(g—v)—v> (12)
Maximizing the appropriate profit function yields optimal decisions under each
tax regime. Letting the digit "2" at the superscript indicate second-stage equi-
librium values, and distinguishing hereafter output-tax from emissions-tax out-
comes by the digit 7O” or ” E”, respectively, at the superscript, we have,?®
2o _20=0 Lo _s(-1)

:T7U :T7 (13)

in case of output tax, and

o 2—t(2-9) W2F — o+t(2+9)

q - B ) - B )
in case of an emissions tax, where B £ 4+ (4— )¢, with B > 0, V¢ < 4. Taking
into account that ¢ < a = 1 (otherwise the market closes down), inspection
of (13) and (14) reveals that ¢ < 2 is the necessary and sufficient condition
for ¢?© > 0, v?© > 0, and ¢2© — v?? > 0, and since the emissions tax rate
cannot be negative, for v># > 0, and ¢*® > 0. In order to avoid degenerate
solutions, hereafter, we maintain ¢ < 2. Nevertheless, this assumption does not

guarantee that net emissions are positive in the case of an emissions tax. For
¢*F —v?F = 2=¢=48 > (it must also be that ¢ < 1/2, and ¢ < 2(1 —2t), i.e.,

t<(2-9)/4. (15)

These conditions are checked later on at the optimal value of the emissions tax
rate.

(14)

4 The Unregulated Market case

In this section we assume that the government does not intervene and we ex-
amine the impact of environmental awareness on the free market equilibrium.
Besides representing a benchmark for the effects of taxation, this section sheds
light on two questions related to the use of long-term increase in environmental
awareness as a substitute to tax policy. First, can increases in environmental
consciousness yield the first-best outcome in the absence of any other inter-
vention? Second, does an increase in environmental awareness always improve
welfare, as has been often implied in the literature??® The answer to both
questions turns out to be negative.?”

25Gecond order conditions can be easily shown to hold.

26See for example Endres (1997), Petrakis et al. (2009)). More recently environmental
agencies, among which the European Environmental Agency, have recognized "awareness
raising" as a policy instrument (http://www.eea.europa.eu/themes/policy/intro).

27 Amir et al. (2019) also compares monopolist’s choice of price and green quality to the
first-best, pointing to the importance of log-supermodularity of demand in determining the
outcome.
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Setting ¢ = 0, in either (13) or (14) obtains:

2
7" (¢) = 5 v (¢) = B (16)

where the superscript F' denotes the free market equilibrium. Obviously, V¢ €
[0,2], vI" (¢) is increasing concave, ¢f" (¢) is decreasing convex, and ¢ (¢) >
vF (¢) > 0 (net emissions are non negative). It can be easily shown that the
condition 1 — ¢ef” > 0 is met for all ¢ € [0,2]. Substituting v¥', ¢’ from (16)
into the social welfare function (7) we obtain after simplification,

2(3 —22) +4(2+2)p — (3 +2)¢°

B2 '
Note that for ¢ = 0, WF = (3 — 2z) /8 which may be negative if society places
significant importance on emissions (z > 3/2): in the absence of any interven-
tion this market produces negative net social value, due to the environmental
externality.”® We define ¢ = min {z,2}, and limit ¢ € [0,¢]. The following
proposition summarizes the main results concerning social welfare and environ-
mental damage in the case of no intervention.

W (¢;2) = (17)

Proposition 1 Under our assumptions i) the unrequlated welfare does not monoton-
ically increase with increases in environmental consciousness, but instead peeks

at some value of ¢, call it ¢* (z) € [0,9]; i) the maximum welfare level that
the unregulated market can reach falls short of the first best welfare level, i.e.,

WE < W* where WE* = WF ((bF (z),z) .

Proof. See the appendix. m

The proposition shows that when environmental consciousness is at low lev-
els, increases in ¢ are desirable, but when consciousness is already developed at
sufficiently high levels, making consumers even more conscious may have detri-
mental effects on welfare. By punishing the polluting firm, consumers induce
simultaneously an increase in abatement and a reduction in total quantity. The
former is obviously welfare enhancing, but lower production has an ambiguous
effect on welfare due to cleaner environment but also reduced consumption. At
high levels of ¢ > ¢ where the production is already "too low", further in-
creases in consumer awareness are welfare reducing. The second part of the
proposition shows that first-best welfare cannot be attained by simply improv-
ing consumers’ environmental awareness without the imposition of some form
of regulation.

Figure 3 is drawn assuming z = 3/2, so that W¥(0) = 0 and ¢ = 3/2. The
W* (green) line represents first-best welfare, which is independent of ¢, and the
WE (brown) curve shows welfare when the market is unregulated, as function
of ¢. The maximum value of W is attained at ¢* ~ 0.917 < ¢ = 3/2.

Turning to the environmental damage resulting from the production of X
the following Proposition summarizes some key results that help us understand
the welfare results presented above.

28 Nevertheless, private surplus and profits are positive, keeping this market open.
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Figure 3: Social welfare without government intervention.

Proposition 2 FEmissions, and therefore environmental damage in the unreg-
ulated market are always decreasing in ¢ and for sufficiently high levels of ¢

(b > aF (2)=1(32+5- V3322 + 22 + 11) € [0,9]) the unregulated market
may produce less emissions and environmental damage than what is observed at
first-best. At the value ¢ = ¢ that allows the highest possible welfare in the
unrequlated market, emissions are already lower than their first-best level.

Proof. See the appendix. m

Proposition 2 shows that in an unregulated market increases in ¢ alone are
able to lead to lower emissions than those at first-best. Hence, the reason of
why changes in ¢ unassisted by some tax fail to reach first-best is not to be
found in the environment, but rather on their effect on quantity, as suggested
in the discussion of Proposition 1. Figure 4, drawn for z = 3/2, depicts the
environmental damage at the first best, D* (green horizontal line), and at the
unregulated market equilibrium D" (brown downward sloping curve), as func-
tions of ¢. The vertical dashed line indicates ¢(z = 3/2) = 3/2.

~F
When ¢ > ¢ = 0.805, the unregulated market leads to lower environmental

~F
damage than its level at the first-best solution, and note that ¢ < ¢* . Increases
in environmental consciousness above ¢F improve the environment, but only at
the expense of lower welfare.

5 Optimal taxation

In this section we derive the optimal tax rate levied on either output, or emis-
sions. The optimal output-tax rate may be negative (subsidy), but we do not
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allow for "emissions subsidies": when the optimal emissions-tax rate is negative
we consider it equal to zero (unregulated market).

Substituting optimal abatement and quantity, first from (13), and then from
(14) into (7) yields social welfare as function of ¢, in the case of output and
emissions tax respectively. Maximizing welfare in each case with respect to ¢
yields the respective optimal tax rates, defined in the following Lemma (proof
in the appendix).

Lemma 1 i) The optimal output-tazx rate is,

[0 222 —1) —4(z + 1)p + (2 + 2)¢°

_ : 18
2(2z4+1) —4zd + (2 + 1)¢? (18)
it) the optimal emissions-tax rate is
T 2 _ 3
tE:4(4Z 1) —2(4z +5)p+ 49~ — ¢ : (19)

4(82 4 3) + 4¢ + 3¢°
i) both derivatives Ot /0¢ and OtF |0¢, are negative Vo € [0,5] and z > 1.

While tedious, it can be verified that t¥ < (2 — ¢) /4, guaranteeing that
when applying the optimal emissions-tax, net emissions are nonnegative, ac-
cording to (15). Part #ii) of the Lemma proves the intuitively expected result
that optimal tax rates are reduced following an increase in environmental con-
sciousness.

Since the optimal output-tax rate can be either positive or negative, the
following lemma determines that either both tax-rates will be of the same sign,
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or the optimal output tax rate may be negative while the optimal emissions
tax rate positive (proof in the appendix). Therefore, it is impossible to have a
situation where the choice is between an output tax and an emissions subsidy.
Setting the optimal tax rates in (18) and (19) equal to 0 and solving for z we
obtain, respectively:

44 10¢ — 4¢% + ¢° _2(1+2¢—¢7)
TT82-9 T T 2-9p

Lemma 2 For all z > 1 there exist two values of ¢ € [O,E], call them ¢, =
25 (2) and ¢ = 25" (2) with ¢p < ¢, such that: i) Yo < dg, both t© and t¥
are non negative, i) for ¢ € (6o, dg), t° < 0 while t¥ > 0, and i) V¢ > dp
, t9 < 0, but the optimal emissions-taz rate is equal to zero (corner solution
since no emissions subsidies are allowed).

ZE (20)

While ¢ is simply an auxiliary variable informing whether at a given (z, ¢)
combination the output tax-rate is positive or negative, ¢ represents an im-
portant critical value of ¢ in order to avoid the absurdity of emission subsidies.
With respect to ¢, we can easily show that,

24+ 2)

=1-+—7", 21
but the explicit determination of ¢ is omitted since it is quite complex, involv-

ing the solution of a third degree equation.

6 Optimal values under the two tax regimes and
comparisons

In this section we derive the optimal values of abatement, quantity, environ-
mental damage and total welfare under the two tax regimes. We also examine
the impact of increases in ¢ in the two benchmark cases (first best and no inter-
vention) and the two tax regimes. Whether the tax is on output or emissions,
in all cases we consider that it has been adjusted at its optimal level, given in
(18) and (19), respectively.

6.1 Quantity

By introducing the optimal tax rate from (18) and (19) into the first elements of
(13) and (14) respectively, and simplifying we obtain optimal quantities under
each tax type:

2
o —
¢ (#2) = 2(1+22) —4z¢+ (1 +2) ¢ (22)
8(1+42) — 2¢ + ¢*

4(82+3) +4¢ + 3¢

qE (d)? Z) -
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The following proposition determines the impact of changes in ¢ on quantity
for the case of emissions- and output-tax.

Proposition 3 When the tax is on output, i) as ¢ increases the per capita con-
sumption initially increases, reaches a peak at ¢ = ¢* = 2z/ (1 + 2) € (0,5) and
then decreases; 1) at ¢ = ¢* the optimal output tax rate is negative (subsidy).
When the tazx is on emissions, the per capita consumption is monotonically de-
creasing in ¢.

Proof. See the appendix. m

It is clear from part i) of Lemma 1 that as ¢ increases, the optimal tax
rate, whether on output or emissions, becomes smaller. Proposition 3 shows that
when the regulator uses an output tax, unless ¢ is already too high (above ¢*),
consumption increases as consumers become more conscious and the regulator
reduces the tax rate. On the contrary, when the tax is levied on emissions,
lower tax rates resulting from increased environmental consciousness, lead to
lower output. This is a rather surprising result, since one expects that output
increases following a reduction of a tax rate related to its production. However,
lower emissions tax-rates induce lower abatement (see next proposition), thus
leading increasingly conscious consumers to lower their consumption. At ¢ =0
the emissions tax leads to less output than the first-best and as consciousness
increases the gap between ¢ and ¢* becomes larger. On the contrary, an output
subsidy —part 4i) of the Proposition shows that t© (¢*) < 0- is able to bring
consumption at its first-best level.

The monopolist’s output as function of ¢ under the two tax-bases is depicted
on the following diagram along with the two "benchmark" cases, first-best and
unregulated market. Figure 5 is plotted for z = 3/2, which yields ¢* = 1.20,
at which ¢© (blue line) reaches its maximum value, which coincides with the
first-best quantity. The ¢¥ (cyan) line, on the other hand is monotonically
decreasing, implying that under an emissions tax, further increases in environ-
mental consciousness reduce quantity, even if the tax-rate is optimally adjusted.
The values of ¢, and ¢, at which t© and t¥ become zero respectively, are also
marked on the figure, and since ¢* > ¢, = 0.0524, the maximum quantity is
obtained using a subsidy. At ¢, the line ¢ intersects ¢ and V¢ > <;5O, the
optimal output tax is a subsidy, leading to higher quantity than the unregulated
market. At ¢ the ¢ (cyan) line intersects with ¢ but V¢ > ¢, the two lines,
g¥ and ¢¥ coincide, due to the fact that the optimal emissions tax cannot be
negative.

When the market is unregulated, increases in social responsibility obviously
reduce equilibrium output, i.e., ¢ is continuously decreasing in ¢. In the pres-
ence of an optimally selected tax the negative relation between ¢ and ¢ cannot
be guaranteed, for increases in ¢ result in reductions of the optimal tax rate (or
increases in the subsidy rate), which, in turn, stimulate output. The following
decomposition of the total effect of ¢ on output shows that it depends on a
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Figure 5: Equilibrium quantities.

direct effect plus an indirect effect through the optimal-tax-rate adjustment:

dg'(¢,1(9)) _ 0> (6,t) 9¢* (¢, t) 0t'()

o 9 le=t(0) ) o6
-) =) -)

i=0,E.  (23)

On the RHS of the above, the first term shows the direct effect and is the only
one present in the unregulated market case; it is shown in the appendix to be
negative in all cases. The second term shows the indirect effect to be the product
of the impact a change of the tax-rate has on quantity times the impact of ¢
on the optimal tax rate. Both these impacts are negative independently of the
tax base, as shown in Lemma 1, therefore in both O, E, cases the indirect effect
works towards increasing quantity. Proposition 3 shows that in the emissions-
tax case the direct effect always dominates, whereas in the output-tax case the
indirect effect dominates, unless ¢ is higher than ¢™.

6.2 Abatement

Inserting the optimal tax rate from (18) and (19) into the second elements of
(13) and (14) respectively, and simplifying we obtain the optimal abatement
under each tax type:

5 B ¢

E . 2(1—4z)—¢+¢
R = TErs s aeral (24)
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The following proposition determines the impact of changes in ¢ on abate-
ment for the case of emissions- and output-tax.

Proposition 4 i) Under an optimally selected output taz, equilibrium abate-

2241 .
z+1 7

at ¢ = ¢",along with quantity, abatement reaches also its first-best level, while
for ¢ € ((;S*, min {q&“o,a}) abatement is higher than its first-best level. i) Un-
der an optimally selected emissions tax, abatement is monotonically decreasing
in ¢ until p = ¢, where the optimal emissions-tax rate becomes zero. iii) While
for low values of ¢ abatement is higher under an emissions tax, at the neighbor-
hood of ¢ the optimally selected output subsidy produces higher abatement.

ment is initially increasing in ¢, peaking at some value of ¢ = ¢“O £

Proof. See the appendix. m

Proposition 4 shows a striking difference in the producer’s response to higher
environmental consciousness and the resulting lower tax rates. When the tax
is on output, lower tax rates stimulate abatement indirectly, through increases
in output, which in turn induces the producer to further increase its product’s
attractiveness (quality) by investing in abatement. On the contrary, lowering the
emissions tax rate reduces quantity, thus making such investment less attractive.
As consumers’ appreciation of the product is lowered, a further reduction in
output is observed; as ¢ increases, both output and abatement converge towards
their free market levels.

Proposition 4 is illustrated on Figure 6 where the monopolist’s abatement
is depicted as function of ¢ for both kinds of the tax-base, as well for the two
benchmark cases, first-best and unregulated market. The figure is drawn for
z = 3/2. If the market is unregulated, abatement increases with ¢ but never
reaches its first-best level. For low values of ¢ —up to ¢, where t© = 0—
the abatement under an output tax (v?) is below its free-market level. For
> ¢o — t9 becomes now a subsidy— v keeps increasing, becoming equal
to the first best level (v© = v*) at ¢*, and still increasing for ¢ > ¢* at
the neighborhood of ¢*. Abatement under an emissions tax, denoted by v,
is continuously decreasing, reaching its unregulated-market level at ¢, where
tF = 0. For ¢ > ¢, we set t¥ = 0, to avoid emission subsidies and thus
vP =of

Recalling that as we move along the ¢-axis the output tax is reduced, one
concludes that abatement rises with tax-reductions! This seeming paradox is
due to the fact that, instead of direct causality we have here an indirect rela-
tion where both variables—abatement and optimal tax—are simultaneously de-
termined by ¢: as ¢ departs from zero the presence of more aware consumers
induces the firm to increase its abatement and at the same time the regulator
to reduce the tax. In the same vein, an output tax at a positive rate induces
less abatement than the unregulated market, since by reducing quantity, it also
reduces the firm’s incentive to invest in a fixed cost.

What is really surprising though is that under an optimally selected emis-
sions tax, as ¢ increases abatement is reduced! This counter-intuitive result is
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Figure 6: Equilibrium abatement.

obviously related to the fact that increases in ¢ cause the optimal emissions-tax
rate t¥ to decrease. In order to better understand why rises in environmental
consciousness undermine the workings of an emissions tax, while they enhance
the efficiency of an output-based tax/subsidy intervention as instrument for en-
vironmental protection, we perform a decomposition of the total impact of ¢ on
abatement in two parts, a direct and an indirect effect:
G0 N GO TR 0 Y NP
d¢ 0¢ ot 0¢
(+) (+/-) (-)

The first term represents the direct effect of ¢ on the firm’s abatement decision,
evaluated at the optimal tax-rate. This term, evaluated at ¢ = 0 is equal to
vF(0). The direct effect is positive, since a rise in consumers’ consciousness
induces the firm to do more abatement. The second term in (25) is the indirect
effect of ¢ on abatement, through the induced change in the optimal tax-rate.
The indirect effect is in turn decomposed in two parts, the second being the
same as the corresponding part in (23), and negative, from lemma 1. For the
first term of the indirect effect we use the second elements of (13) and (14)
respectively, to get,

oW E(pt)  p+2 =0
ot 44+ A—-9)p = 7
while,
WG _ o
ot 44+ (4—9)o
The indirect effect of a change of the emissions-tax rate on abatement is negative
(agiE > 0 and g—g < 0) since an increase in the tax rate reduces quantity, thus
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making the fixed investment in abatement less interesting. The indirect effect
dominates the direct positive effect, as proved in part i) of Proposition 4,
thus making the response of firms to the optimal emissions tax decreasing in ¢.

When the tax is on output, the indirect effect (which is positive since agio <0

and ?9_2; < 0) reinforces the direct effect, thus making the abatement function
increasing, and at a higher rate compared to the unregulated market case.

As a conclusion, Proposition 4 shows that increases in consumers’ envi-
ronmental awareness are able to reach the first-best level of abatement only
when coupled with an output-subsidy, whereas they are welfare reducing under
an emissions-tax regime.

6.3 Environmental damage

Recall that D = z - (ei)z, where ¢! = ¢ — %, i = %, F,0, E, for the cases
of first-best, unregulated market, output tax, and emissions tax, respectively.
Substituting ¢, v, from (22) and (24) we obtain the second-best equilibrium
net emissions:

o_ 2—¢ oF 10—¢
P (z41) — gz +4z + 2 3¢ + 46 + 322 + 12’

(26)

and total environmental damage in each case, D and DF, is determined ac-
cordingly. It is clear from the above two expressions that the effect of an increase
in ¢ on emissions is unambiguously negative under an emission tax, djj <0,
while it could be either negative or positive under an output tax. We can de-
compose the total effect of ¢ on emissions, taking into account that emissions
depend both on output and abatement and following the same decomposition

analysis we used for output and abatement. For i = O, F/, we can write,

de’(,t(¢)) _ 9e*(¢, D, 9e% (¢, 1) Oti()
Ay Be TOT T H o
(=) +/=) (9

0g* (9,t)  0v*(4,1) n 0g*(6,t) I (d,1) | 9E(Y)

ol ol o ¢ ol
(=) (+) [t=ti(4) (=) (+/-) (=)

We have already shown that the direct effect of ¢ on output is negative and
on abatement positive, therefore the direct effect of ¢ on emissions is negative,

% < 0,29 which is consistent with our findings about environmental damage

in the unregulated market, D¥ .39 In the case of an output tax, the sign of the
indirect effect is ambiguous, depending on whether the output or the abatement
effect dominates, leaving the overall effect to be determined. Similarly, the sign
of the overall effect under an emissions tax cannot be determined from the above,

298ee (23) and (25), respectively.
30See proposition 2.
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Figure 7: Equilibrium damage.

since the indirect effect is positive (both parts of indirect effect are negative)
while the direct effect is positive. The following proposition determines the
impact of changes in ¢ on total environmental damage for the case of emissions-
and output-tax.

Proposition 5 Under an optimally selected output taz, as ¢ rises environmen-
tal damage peaks at some ¢ = ¢ < #° (the tax rate is still positive) and
is decreasing thereafter; at ¢ = ¢*, damage is at its first-best level while for
¢ < (>)¢" environmental damage is higher (lower) than its first-best level. Un-
der an emissions tax, environmental damage is decreasing in ¢ as long as the
corresponding optimal tax-rate is nonnegative.

Proof. See the appendix. m

The content of Proposition 5 is illustrated on Figure 7 where the environ-
mental damage is represented as function of ¢, for z = 3/2. The D*, D lines
show environmental damage in the benchmark cases of first-best and unregu-
lated market, respectively, while the lines D® and D¥, (blue and cyan lines,
respectively) represent damage under the two types of tax.

An emissions tax at an optimally selected rate is the most efficient instrument
in terms of environmental protection since it reduces damage to levels below the
first-best one even when consumers do not care at all about the externality they
create (¢ = 0). Moreover, as ¢ increases, the impact of the quantity reduction
described in Proposition 3 more than outweights the impact of the reductions in
abatement described in Proposition 4, making D¥ a monotonically decreasing
function of ¢. Somewhat more complex is the nature of the D (¢) function: at
low initial levels of ¢ further increases in consumers’ environmental conscious-
ness end-up increasing equilibrium damage! This should not come as a surprise
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after Propositions 4 and 3: more aware consumers induce higher abatement
which leads the planner to lower the output-tax rate and induce in turn higher
output. For low levels of ¢ the output effect dominates, but as consumers’ con-
sciousness increases DO starts decreasing, eventually passing at levels below D*.
That D (¢*) = D* is also an immediate consequence of the fact ¢© (¢*) = ¢*
and v? (¢*) = v*, as shown in the respective propositions. Note finally that
for ¢ > ¢, D > D, which means that when optimal, output subsidization
reduces environmental quality compared to the unregulated-market case.

6.4 Social welfare

In this Section we compare social welfare under different regimes. In the unreg-
ulated market case social welfare is expressed in (17). Substituting the optimal
tax rates from (18) or (19) into the social welfare function (29) and perform-
ing simplifications (see the appendix for details) yields the maximized welfare
corresponding to the use of an output- or emissions tax.

Lemma 3 V2> 1, ¢ € [0,5) , social welfare under an optimally selected output
- and emissions-tax rate is,

WO (¢,2) = [2(1+22) —4zp+ (1+2)¢°] ", (27)

1 10(142)+¢°
 24(3+82) + 49+ 3¢%

W (¢,2)
respectively.

We now turn our attention to the effect of ¢ on social welfare and the com-
parison of social welfare under the two tax regimes. Starting with the case of
an output tax, the following Proposition summarizes the effect of ¢ on social
welfare under both types of tax.

Proposition 6 i) For any level of social consciousness the market produces
higher welfare if social consciousness is paired with a tax, whether the latter is
on output or emissions. ii) With an optimally selected output tazx rate welfare
peaks at ¢ = ¢* where it reaches its first-best level; when ¢ < (>) @™ increases
in social consciousness improve (deteriorate) welfare. i) With an optimally
selected (positive) emissions tax rate, welfare is constantly declining with in-
creases in social consciousness, never reaching the first-best level. iv) There is
a consciousness level ¢ such that, when ¢ < >) b, the emissions (output) tax
produces higher welfare.

Proof. See the appendix. m

While the detailed proof of the proposition is relegated to the appendix,
the following figure illustrates Proposition 6. Figure 8 illustrates welfare as
function of ¢ for the cases of output tax (blue line W©), emissions tax (cyan
line W¥), unregulated market (brown line W), and first-best (green line W*)
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for z = 3/2, which represents also the highest admissible value of ¢, marked by
a dashed vertical line.

At ¢p and ¢, t© = 0 and t¥ = 0, hence V¢ > ¢O, the optimal output tax
is a subsidy, while V¢ > ¢, WE = WF . The WO line reaches its maximum at
¢ = ¢*, where WO = W*. For 0 < ¢ < ¢, an optimally selected emissions tax is
the best policy but it is unable to reach first-best welfare. For ¢ < ¢ < ¢ the
best policy is an output subsidy. For ¢ > ¢ the comparison no-longer makes
sense, but an output subsidy is the right policy even for ¢ > ¢* since it yields
higher welfare than the unregulated market.

Increases in social consciousness may reduce optimal tax rates but do not
eliminate the need for intervention: no matter the level of social consciousness,
when combined with some form of intervention it may produce a higher level of
welfare relative to the unregulated market with the same level of ¢ (parts 4), i7)
and i4i) of Proposition 6). Part iv) of the proposition shows that for low levels
of social consciousness, an emissions tax generates higher welfare, but for high
values of ¢ (¢ > @) an output subsidy is to be preferred.

When the tax is on output, as ¢ increases social consciousness takes in charge
the environmental problem leaving the tax/subsidy to deal with the monopoly
induced quantity distortion. Thus, the resulting reduction of the output-tax
rate corresponds to a smooth switch of the regulator’s target, from focusing
primarily on environmental protection —when ¢ is very low and the tax rate
positive— towards generating higher levels of quantity. The higher levels of
abatement resulting from higher quantity also help to reach both targets and
attain first-best welfare at some finite and admissible value of ¢ (¢ = ¢* < ¢).

The picture is completely different with an emissions tax. Since this type of
tax targets emissions directly, the reductions in ¢t¥ (¢) following an increase in
consumers’ consciousness are unable to stimulate quantity, and since they also
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discourage abatement (see Proposition 4), they end-up reducing welfare! Intu-
itively, the emissions tax targets exactly the same thing as social consciousness
and increases in the latter make the workings of the tax problematic. This is
not to say though that the emissions tax is inefficient. For low levels of ¢ the
emissions tax provides both, a cleaner environment and superior welfare relative
to the output tax (part iv) of Proposition 6). It is only at higher levels of ¢,
where the attention of public policy must turn towards stimulating quantity,
that the emissions tax loses its efficiency in terms of welfare. Since ¢ < ¢, it is

important to note that t£ > 0 in the interval ((;S, qSE}, while an output subsidy

produces higher welfare. This implies that if social consciousness rises steadily,
the policy change from emissions tax to output subsidy must occur abruptly at
some critical value of ¢, rather than waiting for the optimal emissions-tax rate
to become zero. It also illustrates the fact that the superiority of the output
subsidy is not due to the fact that t¥ eventually becomes equal to 0 and is not
allowed to reach negative grounds, but rather on its adverse impact on quantity
and abatement.?!

7 Robustness

In this section we examine the robustness of our main results, focusing on how
they are affected when: ¢) waiving the simplifying assumptions on parameter
values and ) modifying the way we treat social consciousness. Starting from
the first, recall that we have assumed a = n = § = k = 1, otherwise some of
the proofs would have been, at best, very cumbersome—due to many different
cases to be considered-and at worst only numerical. Since « affects only the
vertical intercept of the demand function, setting & = 1 is a mere normalization,
without which quantities and abatement levels are multiplied by «, while social
welfare and environmental damage levels, by o?2.

The role of the other variables is more complex, since-roughly speaking—they
affect the relative weights of consumption benefits, environmental damages, and
abatement costs. While abatement and individual consumption are affected, it
can be shown that changing any of these parameters has no effect upon the
essence of any of the propositions, provided of course that the second order
conditions are respected: instead of simply requiring that ¢ < 2, we need now
that ¢ < 2kd. In what follows, we present the general expressions for per capita
consumption and total abatement in the first best,

k+z

k+26%knz + 2’
onz

k4 26%knz + 2’

which they collapse to the expressions in (8), assuming n = 6 = k = 1. The

31 As a matter of fact, allowing for negative values of t¥ (emissions subsidy) would reduce
welfare to levels even below that of the unregulated market.
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general expressions for per capita consumption and total abatement at the equi-
libria with optimally selected output or emissions tax rates are,>?

o _ 2k?
& T R (0% 1 2) — Wknzo + n(k + )97
5 A(k + z) (6%kn + 1) — 26kne + n¢”
T 7 T4k (5%kn + 2) (20%n2 + 1) + 82] + 40kno + n (20%kn + 1) 6
o_ kne
k2 (46%nz +2) — 40knz¢ + n(k + 2)¢°
5 20n (26%knz + 22 — k) +n (1 — 26%kn) ¢ + on?¢?

[4k (8%kn +2) (20°nz + 1) + 82] + 40kne +n (26°kn + 1) ¢*

Assuming n = 6 = k = 1, the above expressions collapse to the ones presented
in (22) and (24).%3

Each of the above expressions is a division of polynomes in ¢, none of them
exceeding the 2nd degree. While the algebraic structure of these equilibrium
values is simple in principle, extracting results is extremely tedious, especially
once the above are inserted into the social welfare function in order to determine
the behavior of total welfare. However, using the "Reduce" function of the
Mathematica software we are able to verify all the results stated in the paper
in this more general context. In what follows we show that the main result of
our paper holds. Taking the derivative of the optimized social welfare function
with respect to ¢ in both cases, of emission and output tax, yields,

owe  2k*n?[26kz — ¢(k + 2)]
06 A% ’

OWE  2n%(46°k*n + 66k — ¢) (5kno + k + 2)
o6 AZ ’

where the denominators are positive real numbers.?* Considering the restriction

32The comparative statics with respect to {n,d,k and z} are left out since they present no
particular interest.

33While positivity of quantities and abatement is guaranteed for any set of parameters, we
must also have e = dng—wv > 0, in all cases, otherwise there is a corner solution with v = dnq.
In the simplest case of first best, nonnegativity of e is guaranteed if k > k¥ = (n — 1)z;
this condition is fulfilled Yk when n = 1. Nonnegativity of emissions imposes lower bound
to k also under output or emissions tax. However in these cases the constraint can also be
expressed in terms of ¢, since in the output-tax case, k@ = %?7 while with tax on emissions
the lower bound of k, k¥ (¢,-), is the larger root of a 2% degree equation in k involving all
the remaining parameters in a very complex way. If we admit very low values of k (yet higher
than k¥') while placing the restriction on ¢ it may be possible that some of ¢’s critical values
(like for instance, ¢*(k,-) ) lie outside the range of admissible values, without nevertheless
affecting the shape of the figures. By setting k > max{k" k@, k¥}, we avoid having to discuss
special cases of corner solutions due to the restricted range of ¢.

34To be precise, Ap = (k2 (452nz + 2) + kno(od — 46z) + nz¢2) and Agp =
(ng? (26%kn + 1) + 46kng + 4k (6%kn + 2) (26%°nz + 1) + 8z)
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¢ < 2k, it is obvious that OW?/d¢ is positive for small values of ¢ up to
¢ = 26kz/ (k + z) and negative thereafter, while OW ¥ /0¢ < 0 for all admissible
values of ¢. Hence, Proposition 6 (a core result of the paper) holds for any
admissible parameters constellation and Figure 8 keeps its "main shape": W is
bell curved reaching the first-best welfare, while W ¥ is monotonically decreasing
in ¢.

The second robustness check concerns the situation in which individuals are
directly harmed from pollution. To illustrate the situation, assume that instead
of emissions we deal with the use of fertilizers that harm simultaneously both,
the environment and consumer’s health. Instead of measuring social conscious-
ness ¢ now measures the intensity of an additional objective damage which must
make direct part of the regulators objective function. Instead of using U we must
now insert U from (4) into the social welfare function, exactly as in the hedonic
approach. Figure 9 shows the results, assuming that z = 3/2.
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Figure 9: Equilibrium welfare using U for calculating W

The LH panel illustrates W*, W, W© and W¥ with the usual colors (green,
brown, blue, cyan, respectively). In the cases of unregulated market and output
tax, welfare increases with ¢ up to a point, whereas W¥ is always decreasing,
exactly like in our previous analysis. What changes is that first-best welfare
W* becomes a decreasing function of ¢ since the latter measures the intensity
of a real damage, exactly like z does.?> The RH panel of Figure 9 shows w’ £
Wi/W*, i= O, E,F, thus measuring relative performance in terms of first-best
welfare. Note now that the relative-welfare performance of an emissions tax
ameliorates with ¢, because the emissions tax targets directly the new damage

35The social welfare function becomes like that of the hedonic approach which is also de-
creasing in ¢, as described in footnote 17 in section 2.3. Contrary to the latter, ¢ now measures
the intensity of an objective damage inflicted upon the individual, rather than the intensity
of an individual’s sensitivity to a collectively suffered damage. For this reason, the negative
relation between ¢ and social welfare in now justified.
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related to ¢. At least up to a point, relative welfare increases in all cases since
the private damage leads to partial internalization of the externality.

8 Conclusions

The present paper examines the effect that the presence of environmentally
aware consumers has on the choice between output and emission tax. We first
find that in the absence of policy intervention, reaching high levels of consumers’
environmental awareness could reduce welfare when market imperfections are
quite prominent. We also find that while an emissions tax increases welfare
relative to the free-market case, the overall welfare performance of an optimally
chosen such tax is monotonically decreasing in consumers’ environmental sen-
sitivity. Furthermore, an output tax is also welfare improving relative to free
market, but when it is imposed in markets where consumers’ environmental
awareness is not developed, its result is welfare inferior to that of an optimally
chosen emissions tax. However, social welfare under an optimally chosen output
tax is monotonically increasing in the level of environmental awareness up to a
certain level. Eventually, in markets where consumers’ environmental awareness
has reached high levels, an output tax/subsidy welfare dominates an emission
tax (both selected optimally).

While the assumptions discussed in the previous section are mostly simplify-
ing ones, the scope of our results is limited to the case where a) consumers care
about total emissions, and b) abatement effort eliminates an amount of emis-
sions. Alternatively, consumers could care about emissions per unit of output
and/or technology could be such that any amount spent on abatement reduces
a percentage of emissions (or the emissions per unit of output). While all four
possible combinations represent interesting cases each reflecting particular sit-
uations, some preliminary efforts have shown that the three combinations left
beyond the scope of the paper present serious tractability issues. Finally, the
combination of output or emissions taxes with other instruments in situations
where consumers show environmental responsibility must receive more attention
in the future.
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10 Appendix

Proposition 1) ¥z > 1, 36" (z) € (0,8), such that WF* & WF (¢F)

represents the unique mazimum of WT in the admissible interval of ¢; ii)
WF* < W*.

Proof

Taking the derivative of (17) we obtain:

wF = ag(/; (28)
 =2(2+3)¢° + 12(2 4+ 2)¢” — 8(52 + 4)¢ + (32 — 1) 16
- 4+ (4—9)g)
Since ¢ < 2, the denominator of the above is positive. Its numerator, call it
Nyyrr (¢, 2), is a third degree polynome in ¢, with Ny ., = —8(5z+4) +

24(2 4 z)¢p — 6(3 + 2)¢>. The latter is a trionyme with discriminant Ay, =
—192z (74 2z) < 0, it is therefore everywhere negative, hence Ny 7+ is monoton-
ically decreasing, with Ny, r (2) |¢p=0 = (32 — 1) 16, which is positive Vz > 1/3.
Also, recall that if z > 2, ¢ is bounded at ¢ = 2, and Ny, (¢ =0) = —32 <0,
whereas, if z < 2, ¢ is bounded by z, and

Nyr (p=2) = 72(24—323+82278z+8)
x —(2+3:-8)2"-8(z—1) .

Since z > 1, for the above to be negative it suffices that (22 +3z—8) > 0,
which holds Vz, since the discriminant of the trionyme is equal to —23 < 0. Since
the derivative OW ¥ /9¢ is continuous, monotonically decreasing and positive at
¢ = 0 while negative at ¢ = min{z, 2}, it follows that it becomes zero at some
unique value of ¢ = ¢ (z) < min{z,2} . The exact value of ¢* (z) is found by
setting Ny, (¢) = 0, but it is difficult to obtain analytically, due to the cubic
power of ¢. The proof of the second part of the proposition is deferred to the
proof of Proposition 6 where it is shown that V¢, W < WO < W*.

Proposition 2 i) vz > 1, 35F (2) = 2 (324+5—-V3V322+22+11) €
_ Z~F P (PN > o (o . :
(O, @), such that V¢ ¢ (2),D ((b ) =D (¢ ), where D* is the environ-

. . .. ~F F
mental damage at the first best given in (9); i) Vz > 1, ¢ < ¢ .

Proof

Substituting ¢, v, from (16) into the definition of social damage yields:
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It can be shown straightforwardly that DF (¢) /0¢ < 0, as expected. Using (9)

we can write: )

DF B [(32’ +1)(2- (;5)]

D LA+ -¢ |
Ignoring the square of the bracketed term, DY > D* <= (32 + 1)(2 — ¢) —
[4(p+1) — ¢2] = ¢?—(32+5)¢+62—2 > 0. The discriminant of the trionyme is

33+32 (24 32) > 0, and its two roots are ¢ = % (32 + 5 F v3v322 + 2z + 11) .
The large root is clearly greater than one, therefore rejected; the smaller root,

~F

call it ¢ , can be shown to be positive and smaller than min{z, 2}, since a) for
~F ~F

=10 (1)=2(2- \/Z’;) ~ .536, b) ¢ (z) is monotonically increasing since:

ﬁ 1 3 (62 4 2)V/3 V3 (V922 +62+33—32—1)

0z 2 2V/11 + 2z + 322 2v322 + 2z + 11
o< 922 +62+33—-32—1,

which is positive if v/922 4+ 6z + 33 > 3z + 1 <= 1822 4+ 12z + 34 > 0, which
~F
holds obviously, and ¢) lim,_,.. ¢ (2) = 2.

~F
For part i), after replacing ¢ by ¢ into OW ¥ /9¢ in (28) and performing
some extremely tedious calculations, we obtain:

W - 923 + 1522 — 92+ 177+ (322 + 42 — 31) V922 + 62 + 33
$=¢ 32(3z+1)3 '

Note first that, for all z > 1, 1522 -9z > 922 —9z > 0. The term (3z2 + 4z — 31)
can be easily shown to be positive Vz > % (\/W — 2) =~ 2.6163; in this case,

since also the root is positive and 9z% > 0, we have that wE ((b = %) > 0.
Turning to the case where z € [1, % (\/W — 2)] , the positivity of WE ((p = g)

is equivalent to 923 + (32% + 4z — 31) V922 4 6z + 3 £ 4y (2) > 0, which holds
Vz € [1, % (\/ﬁ - 2)] , but this can only be shown numerically.

Proof of Lemma 1

Substitution of the optimal abatement and quantity under each type of tax
into (7) allows to write the social welfare function as,
. % it it2
W= DEWEBE _ 0 p, (29)
[4(6+1) —¢7]

where all the y-coefficients are polynomes, linear in z and quadratic in ¢, defined
below. Since the denominator of the above is strictly positive and contains no t,
maximizing W2© and W2, as expressed in (29) obtains W2 /0t = v} + 2yt =
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0o tMA = _2_ny’7 ,© = 0, E, which after replacement of the y-coefficients yields,
2

almost immediately, the expressions in (18) and (19). Second order conditions
hold whether the tax is on output or emissions, since 9?W?2!/0t? = 2ys < 0,
due to the fact that both components of y4 are negative whether the tax is on
output or emissions (see their definitions below).

The coefficients in (29) are as follows: y§ =6+ (8 —3¢)p — (2 — ¢)2z, y&F =
29§, and i = (yig +yihz) , j=1,2, i=0,E, with:

yip = —4(1+2¢ - ¢%) v =22-9¢)°
ysp = — (2+6°) v =—(2-9)°
yhh=—2[4+¢ (10— 4o+ ¢*)] i =16(2—¢)
yh = — (12 + 49 + 3¢4°) yhi = —32
For the second part of the lemma we must examine the sign of the optimal-
tax derivative with respect to ¢. Since tMA4" = —2—yy%,

ot (¢, z 0 ;
(‘(w ) x —yl'ys +ysyl = H' .

The derivatives y and y& are also linear functions of z, of the form y§’ =

U’;’o + wélz, 1 =0, E, j =1,2. The following table shows all the coefficients of
these functions:

wip = —-8(1—¢) wi = —4(2 - ¢)
wipy = —2¢ wh =2(2 - ¢)
wh = -20+2(8-3¢) ¢ wh =-16

wh) = —2(2+ 3¢) wl =0

Thus, H' can be written as,
H =— (wio + wznz) (3/%0 + 311212) + (wéo + w%lz) (yio + yilz) ) (30)

which in case of output tax the above translates to,

—[-8(1-9) —4(2-9)z] [~ (2+¢*) — (2— ) <]
+[-20+2(2 — ¢)2] [-4 (1 +2¢ — ¢°) +2(2 — ¢)2]

= 422(¢p—2)° +122[(¢ —2)p + 2] (¢ — 2) + 8 [¢° — ¢* +2(¢ — 1)]
—42°(p —2)* =42 [3(¢ — 2)¢ — 2] (¢ — 2) — 8 [¢° — 29" — ¢])

= —32(2-¢)z +8[¢” + 3¢ — 2] =8¢” + (322 +24)p — 8(82 — 1) .

HO

The last expression above is a trionyme that is negative between its roots,
which are 3 [—(3 +42) F V1622 + 562 +17|. The smaller of these roots is al—
ways negative but the larger, call it (b , can be shown to always be less than 2. It
is a bit tedious but straightforward to show that when 1 < z < = (5 + 65 )
1.306, ¢to > z, and the trionyme is always negative since 1ts higher root
lies outside the admissible interval of ¢ values. When z > E (5 + /65 )
O (9,2) /06 < (2) 0 iff ¢ < (2) ¢'°.

When the tax is on emissions, (30) becomes:
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HF = —[-2042(8—3¢)¢—162] [— (12 +4¢ + 3¢°) — 322

+[-2(2+3¢)] [-2[4+ ¢ (10 — 4p + ¢*)] +16(2 — ¢)2]

= 2% (—80¢° — 240 — 180) + z (—8¢" — 48¢° + 14¢” — 72¢ — 136)
—2(9¢* — 12¢° + 34¢° — 566 + 120) + 32(¢ — 2)(3¢ + 2)z
+4 (3¢" — 10¢* + 22¢° + 32¢ + 8)

= —5122% — 16[60 — ¢(20 — 9¢)] z — 2 [3¢" + 89" — 10¢” — 120¢ + 104]

= —16(4z +1)(8z + 13) + 80(42z + 3)¢ + (20 — 1442)¢* — 6¢* — 16¢°

< —16(4z 4 1)(82 + 13) + 80(4z + 3)¢ + (20 — 1442)¢” .

Again we deal with a trionyme that is negative between its roots, which are,

2[5 (42 4+ 3) T V257625 + 80022 — 216z — 145
36z —5 ’

The smaller root can be shown to be smaller than 0, whereas the larger root
can easily be shown to be > 2.

Proof of Lemma 2

Evaluating OW? /0t at t = 0 yields OW? /0t|;—o x yi, hence yi > (<)0
implies that the optimal tax rate is positive (negative) which holds iff z > (<
' v _ 4(0+20-97)

_ Y0 g £ _yo _ AH29-97) e
10 Tn case of output tax = =z while in case of
)= p W 22— 9) 0
.. B 4+¢(10—4¢+4°)
emissions tax —%%1 = T5—9) = zg.
11

For ¢ € [O, E] , both zg and zp can be shown to be continuous and monoton-
ically increasing in ¢, with zg (0) = 1/4 < 20 (0) = 1/2 < 1, and limy_,2 zg =
limg_220 = oo. Thus, Yz > 1 it is possible to define the inverse functions
b0 = 25" (2) , and ¢ = 25" (2). In order to have ¢, < ¢p it must be that
zo > zg, which holds iff:

v vl _ 4 (1426 — ¢%) 16(2 — ) e
v i 2(2-¢)2 [4+ ¢ (10 — 49 + ¢”)]

RE 2 ¢t —6¢° +2¢° + 166 +8 > 0;

h¥ is a polynomial with four roots: 2 (1 - \/5) ~ —.828, 1 — 3 ~ —.732,
143 ~ 2.73, and 2 (1 + \/5) ~ 4.828. The range of admissible values of ¢
lies entirely between the 2nd and the 3rd root, therefore the polynomial has
everywhere the same sign, which is the sign it of h¥ (0) = 8 > 0, which show
that Vo € [0,4] , 20 > zp, and therefore Vz > 1, ¢ (2) < ¢ (2).
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Proposition 3 i) In the output-tax case, 39" = 2z/ (1 +z) € (0,9) such
that, ¢© (6°) = ¢*, and Y6 < (>) 6", 9¢°/06 > (<)0; id) 1O (¢") < 0 iii) in
the emissions-tazx case, the equilibrium quantity is monotonically decreasing in
#, and ¢¥ (0) < ¢*.

Proof

For part i), from the first element of (22) we have,

99° _ 8z —4(z+1)¢p
9 (Ap-22+¢*+2)°

which has the sign of its numerator, which is positive (negative) according to
whether ¢ > (<)2z/(1+z2) = ¢*. It is easy to see that for all z > 1, ¢* < 2z,
and that lim,_, ., ¢* = 2.

For part ii) note that

2Vt de+ 2+ V2V +4-2

(z+1)(z+2) '

¢" —do =

the sign of the above expression depends on the sign of its numerator, which is
monotonically increasing in z and equal to 2 (v/2 — 1) > 0 when z = 0, hence it
is always positive.

For part iii), the derivative of the second element in (22) is,

0¢®  —82(122+7) + 8(2z — 3)¢ + 10¢°
9o [12 + 322 + ¢(36 + 4)]? '

The numerator of the above is a trionyme with discriminant 256 (11 + 122 + z2) >
0, and roots 2 (3 — 2z F 2v/22 + 12z + 11) . The first root is obviously negative,
while the second is 2 (3 —22+2V22+62+9) = 2[3—-22+3(3+2)] > 2,
hence the trionyme is negative V¢ € [0,5) , and the quantity at the second-best
equilibrium with the optimal emissions tax is decreasing in ¢.

The sign of the terms in (23)
For the direct effect in the two tax-cases note from (13) that,

0%°  2(t-1)(20—4) “0

% e+ -¢*’
Similarly, from (14) we have that:

0g°F _t[12— (4—¢)¢] — 42— ¢)

9¢ [4(6 + 1) — 6] ’
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which can be positive or negative, depending on the value of t. Evaluating the
above at t = t¥, and performing simplifications yields

ﬁ| A4z +9) - 2142+ T)o+46° — ¢
90 "= T o+ 1) — 6] [36° + 46 + 4 (82 + 3)]

The denominator of the above is clearly positive. For the numerator note first
that V¢ < 2, 2¢°—¢> > 0. The remaining term 4(4z+9)—2(4247)p+2¢> is pos-
itive for values of ¢ outside the roots which are % (7 + 4z F 1622 + 242 — 23) .
The larger root is clearly > 2, and the same holds for the small one, since
3 (7+42 — V1622 4 24z — 23) < 2 implies (3 + 4z)? < 1622 4 24z — 23, which
is impossible for z > 1. Hence, the numerator is also positive and the entire
expression is negative.

The second term of the indirect effect has been shown to be negative for both
the O and E cases in Lemma 1. Concerning its first term, from (13) and (14)
it is easy to see that 9¢*° /0ot = —2/B < 0, and 9¢*F /ot = —(2—¢)B < 0,
hence the sign of the indirect effect is positive in both cases.

Proposition 4: vz > 1, i) The function v© (¢) is initially increasing and
peaks at some value of ¢ = /2 2%11 L 40 at ¢ = ¢*, VO (¢%) = v* and
(v 09) |g= > 0. @)With an emissions taz, v¥ (0) < v*, and V¢ < ¢p,
¥ /o¢ < 0.

Proof Part i) is obtained by simple replacement of ¢* from Proposition
3 into the first expressions in . From (24) we have that (9vC/0¢) =

[2(1+2z2) — (1+2) ¢2] /[z(¢ —2)* + »* + 2] 2 ,the denominator of which
is positive while the sign of its numerator is positive (negative) when

22+1A 00
z+1 =9

After substituting ¢* for ¢ and in the numerator of 9v°/d¢ and simpli-

fying, the latter becomes 2 (1 4 2z) — (1 + z2) ¢*2 — ZJEI >0.

For part ii) we set first ¢ = 0 in the expression for v¥ in (24) to ob-
tain vF (0) = (42 —1)/[2(82+3)] < 2/ (1 +3z) = v*. Concerning the

b < (>)V2

derivative of v¥ we have:
wE = (642 +4) +4(42 4+ 9)¢ + 797 (31)
o0 (322+¢(3p+4)+12)2

the denominator of which is positive, while the numerator is a trionyme
negative within its roots,  (— (4z + 9) F 2v/2v/22% + 23z + 11). The small
root is obviously negative whereas the large root, call it ¢, is increasing in
z and equals 2 for z = 3. Hence, for values of z > 3, the equilibrium abate-
ment is monotonically decreasing in ¢ everywhere, while for 1 < z < 3 it
is also monotonically decreasing but only for ¢ < ¢;. What we show next
is that ¢,, is above ¢, the highest value of ¢ that a positive emissions tax
exist, and therefore even for low values of z, dv¥/d¢ cannot be positive.
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Note first that,

22 4+4z+1

t7 (¢*) = — 0
e BT BT o T

which combined with the fact that 9t¥/9¢ < 0 (see Lemma 1) shows that
" > ¢p (at @™ the emissions tax is already zero). What is left to show is that
¢y, > ¢*. Replacing the part of ¢, that is under square-root by R yields:

4(R—-8) 8z 2

—er = 22 222 S
on =9 7 7tz
422 4202+ 9

B> =05
422 + 2024917
2_ —————————————————
0 < K [ 2+ 1) ]
7(823+1
0 < B
4(z+1)2

which holds ¥z > 0. Hence, ¢, > ¢* > ¢, and the negativity of dv¥/d¢ in
(31) is guaranteed even for z € [1,3].

Proposition 5 i) 3¢ = ¢ such that Yo < (=) ¢, dD° (¢) /0¢ > (<)0;
i) Vo > ¢y, DO > D while at ¢ = ¢*, DO (¢*) = D*; iii) under an optimal
emissions tar, Vo € [0, 65|, DF (¢) < D*, and ODF (¢) /0¢ < 0.

Proof

Since in all cases D = z - €2, we prove the proposition though e.

For the part of the proposition referring to the damage under an output tax,
note first that from (26): €©|y—0 = (22 + nt> Oy = B2+ 1)71 = e,
hence at ¢, environmental damage is equal to that of first-best.>S From (26)
we get,

9 (z+1)¢° —4(z+1)p+ 42— 2
¢ [2(¢ — 2)% + ¢* + 2]

which has the sign of its numerator. The latter has discriminant equal to

24 (z+1) > 0 and is positive outside its roots which are ¢ = 2F /6 (z +1)"".

The larger root is clearly greater than 2, while the smaller root—name it ¢—
can easily be shown to be positive and smaller than min{2, z}, for all z > 1.37
This implies that 9e® /¢ changes sign, being positive (negative) Vo < (>) ¢.

Note that ¢ < ¢* <= [2(1+2)_1}2 —6(1+2)=—2(1+32) (1+2)* <0,

361t could not have been otherwise since ¢© (¢*) = ¢* and v (¢*) = v*.
37 As a matter of fact, the smaller root belongs to [0,1) for all z > 1/2.
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Thus, environmental damage increases with ¢ in the interval [0, ?{5), reaches a

maximum at ;S < ¢* and becomes decreasing after that value.
For the part of the proposition referring to the damage under an emissions
tax recall from (26) that,

E_ 10-¢
3¢7 +4¢ + 322 +12°

Evaluating emissions at ¢ = 0 we can easily verify that eZ|s—o = 10-[4 (82 + 3)] ' <
(3z+1)"" = ¢*, which represents emissions at first best. Also, while the proof
is very tedious, it can be shown that V¢ € [0, ¢ 5],

0ef 322+ 3(¢p — 20)¢ — 52

96 " Bzt oot a) 1122

and since e” is decreasing in ¢ while e* is independent of ¢ , we have that V¢ , e <
e* and consequently D¥ < D*.

Proposition 6 A) With an optimally selected output tax: i) Vo, WO (¢) >
W (¢); ii) Vo < (>)¢*, OWC/d¢p > (<)0, and WO (¢*) = W*. B) With
an optimally selected emissions tax: i) Yo € [0,¢g], W* > WE > WF; i)
OWE (t7(8),0) /0¢ < 0. C)¥z>1,3p = ¢ (2) € [0,65) such that Yo < (>)o,
WE(¢) > ()W (¢).

Proof

Part A).
In order to prove part ¢) we simply manipulate the difference of the corre-
sponding expressions (27) and (17) to obtain,

WO _ W — {22-9)* —2]2-¢)¢ + 1}’
[4—(4—d)g) [¢* (2 +1) —4pz + 42+ 2]

The sign of the denominator of the above expression depends on the sign of
the second expression in square brackets, which is a trionyme in ¢ with dis-
criminant equal to —8(1 4+ 3z) < 0, therefore positive everywhere. The nu-
merator can never be negative but can become zero when ¢ takes the value

oo = [2(2 +1)+24+ z)} /(2+ z), hence, Vo # b5, WO > W while for
¢=0(t°=0), WO =wF,
In order to prove i) we manipulate the derivative of (27) to obtain:

owe 2(z¢ — 22 + ¢)

o (z¢2—4z¢+4z+¢2+2)2;

it can be shown that the sign of the numerator of the above is positive (negative)
when ¢ < (>)2z/ (1 + 2) = ¢*. Substituting ¢* into W in (27) and simplifying

yields that WO (¢*) = Tll‘gz?) =W+
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Part B).
We can write (27) as,

WE (6.2) = 4(1+22) +4(1+22)0+¢"
’ 54 182 + 2(5 + 122)p + (82 + 10)¢*

For the first part, note that W (0) = [5(1 +2)] /[4(3+82)] < (1+2)/[2(3+2)] =
W*. Also,

{82(¢ = 2) + ¢[(¢ — 4)¢ + 10] +4}°
2[4~ (4 - ¢)¢]” (3¢* + 4o + 32z + 12)

WE (¢;2) = WF (¢) =

since the numerator and the first part of the denominator are squares and the
second part of the denominator (the one in parenthesis) is a trionym with dis-
criminant equal to —128 (1 4 3z), therefore positive. Turning to the derivative,
we obtain:
owE  2010-¢)(z+ ¢+ 1) “0
0p  (32z+¢(3¢+4)+12)2 7
since W¥ (0) < W*, the above implies also that W¥ < W* everywhere.

Part C).

Note that WE (0) = [5(1+2)] /[2(1+32)] > [2(1422)] " = WO (0). As
¢ moves away from 0, WF decreases while W© increases eventually reaching
W* at ¢ = ¢*. Since W* > WFE (0), WO (¢*) > WF (0) therefore the curves
WO (¢) and WF (¢) must cross at least once. It remains to show that this
crossing happens while the emissions-tax rate is positive. For this, we replace z
from (20) in both W and W¥, to obtain after simplifications:

8 B _ (2—(;5)(25-1-10
TG ode_verq  »=©)

o - (2-9)0+10
WO (9,25 (8) = - 8[4—9)p+4]

Thus:

[(2—¢)p+2) ,
8[¢* —4¢ +4] [¢* — 20 + 6]

the numerator of the above is clearly positive, while the denominator is propor-
tional to the product of the two terms in square brackets, both trionyms in ¢.
The discriminant of the second trionym is equal to —20, so it can be immedi-
ately seen that the trionym is everywhere positive. The discriminant of the first
trionym is equal to 0, making obvious that the trionyme is positive everywhere
except for its root, which is equal to 2, hence V¢ < 2, the above difference
is positive. Combining the latter with the fact that both OW?/d¢ > 0 and
OWE /8¢ < 0, proves that the intersection of the W and W¥ curves occurs at

some ¢ = ¢ < ¢g.

WO (¢, 25 (¢)) — WF (¢, 25 (¢)) =
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