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ABSTRACT The new expected fifth generation (5G) communication systems will serve users with data rates
of several Gbps and will allow running new applications in mobile devices. In order to do so, several design
challenges have to be met. One of these is the antenna design and fabrication for the 5G mobile devices,
especially in the millimeter wave frequencies. In this paper, we address the above issue by designing two
different antennas for 3.7 and 26 GHz. We apply a design procedure based on a new proposed evolutionary
algorithm, the Grey Wolf Optimizer-Jaya (GWO-Jaya), which combines features from both GWO and
Jaya. We evaluate the new algorithm on a set of widely exploited benchmark functions. We design both
antennas using the new proposed algorithm.Moreover, we evaluate their performance characteristics through
fabrication and measurements. Both antennas are circularly polarized at an acceptable bandwidth and also
exhibit wide-band behavior. In both cases, simulation and measurement results are in good agreement.

INDEX TERMS mmWave, 5G, mobile communications, patch antenna, optimization methods, evolutionary
algorithms, Grey Wolf Optimizer, Jaya algorithm.

I. INTRODUCTION
3GPP has recently released the 5G proposed frequency
bands [1]. It is clear that the new emerging 5G technology [2]
for cellular communications will use both frequency bands
above and below 6 GHz. Therefore, there are specific chal-
lenges to be met for the antennas in the new 5G devices,
especially for the antenna design in the millimeter-wave
band [3], [4]. Some of the desired characteristics of these
antennas in 5G communication systems include circular
polarization (CP) and wide bandwidth. CP is one of the
parameters that may reduce the delay spread in a multi-path
environment [5].

Among others, a possible and easy to fabricate solution
for 5G antenna design is patch antennas. Their advantages
include low profile, ease of fabrication and relatively low
cost. There are several papers in the literature that design
antennas with acceptable performance in millimeter-wave
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frequency bands [6], [7]. A popular type is E-shaped patch
antenna [8]–[10]. The motivation for adopting this design is
to increase the original rectangular patch functionality and
bandwidth by integrating slots in the patch. The main features
of this antenna is wide-band operation and linear polariza-
tion. The authors in [11] present a modification to E-shaped
antenna design that is a half-shaped patch with an additional
shorting bar. The modified E-shaped antenna is circularly
polarized in the frequency of interest. The authors in [11]
present a two layered, probe fed, half E-shaped antenna for
operation at 2.4 GHz.

In this paper, we extend our previous work [12] and present
two different cases of half E-shaped patch antenna for oper-
ation at two different 5G frequencies. The first case consists
of two dielectric layers and operates in the 3.7 GHz band.
It is fabricated on FR4 and foam substrates, and uses a
coaxial feed. The second one is layered on a single sub-
strate and operates in the 26 GHz band. It is fabricated on
a Taconic substrate with 2.2 dielectric constant. In the latter
case, we use a single microstrip feed that provides additional
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design simplicity. Both of the proposed antennas are circu-
larly polarized in a acceptable bandwidth of their operating
frequency. Antenna design requires the simultaneous opti-
mization of several different geometrical parameters. An opti-
mization algorithm or technique is a suitable approach for
solving this problem. In the literature, there are several
examples of patch antenna design and optimization using
different evolutionary algorithms (EAs). These approaches
include Genetic Algorithms [13], [14] Particle Swarm Opti-
mization (PSO) [9], Differential Evolution (DE) [10], [15],
and Teaching-Learning-Optimization (TLBO) [8].

Grey Wolf Optimizer (GWO) is a low complex and simple
algorithm, which is recently introduced [16]. Moreover, Jaya
is also a popular and simple optimization algorithm [17]. Both
algorithms have the advantage of only two parameters setting;
the population size and the maximum number of iterations.
In order to combine the advantages of both GWO and Jaya
algorithms, we propose a new hybrid GWO-Jaya algorithm.
This new approach aggregates features from both algorithms.
Firstly, we evaluate the new proposed algorithm performance
on commonly used benchmark functions. Secondly, we apply
the new algorithm in two different 5G half E-shaped antenna
design cases in conjunction with a commercial electromag-
netic software (ANSYS HFSS). Simulation results demon-
strate that the proposed GWO-Jaya hybrid algorithm exceeds
other popular algorithms and manages to obtain acceptable
results for both antenna design cases. Furthermore, the best
obtained results by the proposed GWO-Jaya algorithm are
fabricated and measured. Experimental results affirm that
they are in good agreement with the simulated ones.

The rest of this paper is structured as follows: Section II-A
describes briefly the new proposed algorithm. The numerical
results of the benchmark functions and the two antenna design
cases are presented in Section III. Finally, conclusions are
outlined in Section IV.

II. ALGORITHM DESCRIPTION
A. JAYA OPTIMIZATION ALGORITHM
Jaya is a simple algorithm that was recently proposed in [17].
It uses vectors or individuals of possible solutions. The best
and worst solution establish at each generation are used to
update their values. The algorithm is called Jaya from the
Sanskrit word ’Jaya’ which means victory [17]. The main
advantages of Jaya is the easy implementation in any pro-
gramming language and the fact that it does not require any
control parameters. The only values that need to be selected
is the population size and the maximum number of itera-
tions, or equivalently, objective function evaluations.

Each solution vector, EJi, is modified by the values of the
best and worst vector at each iteration. This rule is expressed
by

EJi,new = EJi,old + rnd1(EJbest − EJi,old )

−rnd2(EJworst − EJi,old ) (1)

where rnd1 and rnd2 are random numbers between [0, 1]
chosen from a uniform distribution. Jaya uses a greedy

selection scheme. As a result, the new solution vector
obtained by (1) replaces the one from previous iteration, only
if it obtains a better fitness value. Otherwise, the old vector
remains unchanged for the next generation. Jaya algorithm
has been utilized in several real world engineering design
problems. In [18] a multi-objective Jaya version is used to
optimize the design of thermal systems and devices. Addi-
tionally, in a recent publication, Jaya is applied to linear
antenna array design [19].

B. GREY WOLF OPTIMIZER
Grey Wolf Optimizer was recently introduced in [16]. It is
a meta-heuristic nature-inspired optimization algorithm that
has been motivated by Grey wolves (Canis lupus). The GWO
algorithm imitates the basic mechanisms (hierarchy and hunt-
ing) of Grey wolves. It belongs to the Swarm Intelligence (SI)
family algorithms. Its main characteristics are the preserva-
tion information about the search space from the current to
next iteration and the use of a smaller number of parameters
to adjust. GWO algorithm has also fewer operators compared
to evolutionary techniques.

A pack of Grey wolves manifests two noteworthy social
behaviors; social hierarchy and group hunting. In social hier-
archy, Grey wolves are ranked in descending order to the
following four categories: alpha (α), beta (β), delta (δ), and
omega (ω). The mathematical description of these two social
behaviors are described in the following sections. In GWO
algorithm, the first three best solutions are considered the
alpha (α), beta (β) and delta (δ) categories. All the remaining
solutions are counted as omega (ω). Therefore, the group
hunting social behavior (optimization process) is directed
by the previously mentioned categories. The mathematical
description of prey encirclement is given by (2) and (3):

EV = | EC2
· EP(t)− EW (t)| (2)

EW (t + 1) = EP(t)− EC1
· EV (3)

where EC1 and EC2 are coefficient vectors, EP is the position
vector of the prey, EW is the position vector of the grey wolf,

and t indicates the current iteration. The vectors EC1 and EC2

are given by (4) and (5):

EC1
= 2Eu · Ev1 − Eu (4)

EC2
= 2 · Ev2 (5)

where Eu ∈ [2, 0] and Ev1, Ev2 ∈ [0, 1] (random vectors).
Consequently, the mathematical description of hunting

behavior in Grey wolves assumes that the first three best
solutions are obtained by α, β and δ categories. Therefore,
the rest of the pack members have to update their posi-
tions according to the position of the first three best solu-
tions. Equations (6) - (8) describe the hunting process of
GWO algorithm.

EVα = | EC2
1 ·
EWα − EW |

EVβ = | EC2
2 ·
EWβ − EW |

EVδ = | EC2
3 ·
EWδ − EW | (6)
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EW1 = EWα − EC1
1 ·
(
EVα
)

EW2 = EWβ − EC1
2 ·
(
EVβ
)

EW3 = EWδ − EC1
3 ·
(
EVδ
)

(7)

EW (t + 1) =
EW1 + EW2 + EW3

3
(8)

Algorithm 1 summarizes the pseudo code of Grey Wolf
Optimizer.

Algorithm 1 GWO Algorithm

1: Define the population of Grey wolves EWi(i =

1, 2, · · · , n)
2: Define Eu, EC1, and EC2

3: Compute the category position vectors: EWα , EWβ , and EWδ

4: while (t < max no. of iterations) do
5: for each member of the pack do
6: Modify the position vector of the current member

by (8)
7: end for
8: Modify Eu, EC1, and EC2

9: Compute the position vectors of all members
10: Modify EWα , EWβ , and EWδ

11: Adjust: t = t + 1
12: end while

The GWO algorithm has been used to several engineering
problems. In [20] the authors have presented a novel user
association problem for ultra-dense THz networks, by com-
bining the GWO algorithm to the solution framework. Grey
Wolf Optimizer is applied for linear array design in [21].
Also, the authors in [22] have used, among other algorithms,
the GWO for leaf-shaped patch antenna design.

C. HYBRID GWO-JAYA
In this section, we outline the new proposed hybrid
GWO-Jaya algorithm. The main concept is to introduce a
Jaya phase in each GWO iteration. This means that first
we generate the new vectors using (8), and then we derive
other vectors with (1). As a result, there is an improve-
ment in the search space exploration by the proposed
method. Algorithm 2 summarizes the new proposed hybrid
GWO-Jaya algorithm.

The time complexity of the proposed GWO-Jaya algorithm
at each iteration is O(N 2D + NF), where F is the time
complexity of the objective function and D is the problem
dimensions. This is similar to the Biogeography-Based Opti-
mization (BBO) algorithm.

III. NUMERICAL RESULTS
Numerical results section includes two cases. The first one is
the evaluation of GWO-Jaya algorithm on numerical bench-
mark functions. The second one comprises the antenna design
cases. It is noteworthy that the population size and the maxi-
mum number of objective function evaluations differs among
the cases.

Algorithm 2 Hybrid GWO-Jaya Algorithm
1: Define population size N , and maximum number of

objective function evaluationsMAXFES
2: Compute initial random population of N vectors
3: Compute fitness values for all population vectors
4: Compute the category position vectors: EWα , EWβ , and EWδ

5: while FES < MAXFES do
6: GWO Phase
7: for i = 1 to N do
8: Modify the position vector of the current vector by

(8)
9: Modify Eu, EC1, and EC2

10: Modify the position vectors of all members
11: Modify EWα , EWβ , and EWδ if better found
12: Jaya Phase
13: Produce a trial vector with (1)
14: If trial vector is better then replace old one
15: Modify EWα , EWβ , and EWδ if better found
16: end for
17: end while

A. BENCHMARK FUNCTIONS
We evaluate the proposed algorithm by performing a compar-
ative study on ten commonly used benchmark functions [23],
[24]. The first two are uni-modal, whereas the remaining
eight are multi-modal with several local optima. Details of
the functions are provided in Appendix A. We compare the
new GWO-Jaya with the original Jaya, the GWO, the Teach-
ing Learning Based Optimization (TLBO) [25], the hybrid
TLBO-Jaya [26], and the popular Particle Swarm Optimiza-
tion algorithm [27]. The population size of all algorithms in
the bench-marking process is set to 100 and the maximum
number of objective function evaluations is set to 100, 000.
All algorithms are executed for 50 times and the problem
dimensionality in each function is 30.

Table 1 reports themean objective function values achieved
by each of the previously mentioned algorithm.We can easily
derive that GWO-Jaya obtains better performance than the
rest of the algorithms in most of the cases. On the contrary,
GWO and PSO achieve the best score in two of the ten cases.

In order to further evaluate the benchmark results, we per-
form non-parametric statistical tests [28], [29]. Firstly,
we apply the Friedman test using the data from Table 1.
The algorithm ranking obtained by Friedman test is presented
in Table 2. We can easily deduce that GWO-Jaya achieves the
highest rank among all algorithms. GWO scores the second
higher rank, whereas the original Jaya has the lowest ranking.

Furthermore, in order to test if GWO-Jaya is signifi-
cantly better than all the other algorithms, we perform the
Wilcoxon signed-rank test with significance level of 0.05.
Table 3 reports the derived test results. One may notice that
GWO-Jaya achieves the highest rank among all the algo-
rithms, but GWO. Although that GWO-Jaya cannot be
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TABLE 1. Comparative results of the benchmark functions. Smaller values are indicated in bold.

TABLE 2. Numerical results obtained by friedman test. The highest rank
is indicating in bold.

TABLE 3. Numerical results obtained by wilcoxon signed-rank test.
Values below significant level are indicated in bold.

considered significantly better than the original GWO,
it performs higher score than GWO in eight out of ten bench-
mark functions.

B. ANTENNA DESIGN
In this paper, we present two different half E-shaped patch
antennas. The first one is designed to operate at 3.7 GHz and
uses a coaxial feed. It consists of two dielectric substrate lay-
ers; the first one is of FR4 material (εr = 4.4) with 1.56 mm
thickness and the second one is of foamwith (εr = 1.05) with
3.17 mm thickness. Figs. 1a-1b depict the proposed antenna
geometry.

One may notice that, as in [11], the antenna design
includes a shorting bar of width Wb. This additional feature
induces currents along the y-direction. Therefore, it allows
the antenna to be circularly polarized. The factor that affects
mostly the Axial Ratio (AR) bandwidth is the shorting bar
position. As a result, it is subjected to exploration as one of
the unknown variables in the optimization process.

FIGURE 1. Proposed antenna geometry at 3.7 GHz. (a) 3D view. (b) Top
view.

Moreover, we can observe that the proposed antenna geom-
etry is rather complex and requires the proper setting of
twelve different design parameters. Thus, it would be quite
difficult or even impossible to assess the effect of each design
parameter in order to meet the desired antenna performance
using a trial-and-error design procedure. Therefore, we need
to apply an optimization algorithm to solve this type of
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FIGURE 2. Proposed antenna geometry at 26 GHz.

problem. In our case, we apply the new proposed GWO-Jaya
algorithm.

The second one is designed for operation at 26 GHz. It uses
a single layer of Taconic material (εr = 2.21) with 1.58 mm
thickness and a feed line for excitation. The source is located
at the edge of the feed line. The length of the feed line is
adjusted to achieve impedance matching between the source
and the patch antenna. Fig. 2 illustrates the antenna geom-
etry at 26 GHz. We can easily notice that there is a differ-
ent approach between the two proposed antennas. From the
antenna design analysis, we can derive that the number of
parameters in the latter case are eleven.

We apply two different design objectives for both of
the proposed antennas. The first one is to minimize the
S11 magnitude at the operating frequency of each antenna
below −10dB and the second one is to reduce the AR value
below 3dB at the corresponding bandwidth. Thus, the design
problem is formulated using the following expression

F(ū) = S11 (ū)+ ξ ×
∣∣∣∣S11 (ū)∣∣− |LdB|∣∣

+ξ ×
∣∣AR(ū)− LAR∣∣ (9)

TABLE 4. Parameter values of the best achieved antenna design
at 3.7 GHz.

where ū represents the antenna design variables vector, S11
is the S11 magnitude and AR is the Axial Ratio value at the
design frequency, respectively, LdB is the S11 dB limit, LAR is
the AR dB limit, and ξ is a penalization factor. For both of the
design cases, we select LdB = −10 dB, and LAR = 3 dB.

To achieve optimal performance of the proposed anten-
nas, a numerical technique is also required to be integrated
with the optimization process. Thus, the GWO-Jaya algo-
rithm is combined with a commercial EM solver software.
Both of the proposed half E-shaped patch antennas are
modeled with ANSYS High Frequency Structure Simulator
(HFSS) [30]. The integration of GWO-Jaya source code
with HFSS software is applied with HFSS MATLAB API
library toolbox [31]. The above process is briefly described
in algorithm 3.

The GWO-Jaya algorithm is applied for both of the pro-
posed antenna designs using the same objective function
derived by (9). In both cases also, we set the population size
equal to 20 and the number of iterations equal to 200. The
new hybrid proposed algorithm is executed 10 times and the
best obtained results are fabricated and measured in terms of
their performance.

C. CASE 1: 3.7 GHz ANTENNA DESIGN
The first case includes the design of half E-shaped patch
antenna operating at 3.7 GHz. Table 4 reports the geometrical

FIGURE 3. Radiation patterns of the proposed antenna at 3.7 GHz. (a) φ = 00. (b) φ = 900. (c) θ = 900.
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Algorithm 3 Procedure of the Proposed Antenna Design
1: Antenna design variables vector ū (input value)
2: Antenna design objective function (output value)
3: Create a HFSS Visual Basic script file using MATLAB
4: Execute HFSS and create a new antenna geometry
5: Compute antenna parameters S11,AR at the design fre-

quency
6: Export the obtained results (output file)
7: Parse the output file and compute objective function

value
8: Return objective function value to optimization algo-

rithm

FIGURE 4. 3D gain (realized gain) plot of the proposed antenna
at 3.7 GHz.

FIGURE 5. Surface current distribution plot of the proposed antenna
at 3.7 GHz.

parameter values of the best obtained result by GWO-Jaya
algorithm. Figs. 3a-3c show the normalized radiation patterns
(polar plot) of the realized gain at 3.7 GHz. The main beams
are in the broadside direction of the antenna in XZ (7deg tilt)
andYZ (10deg tilt) plane. It is concluded that the antenna gain
for this case is 7.65 dBi, whereas the radiation efficiency is
about 90%. Fig. 4 depicts the 3D radiation pattern at 3.7 GHz.

FIGURE 6. Photograph of the fabricated antenna operating at 3.7 GHz.

FIGURE 7. S11 plot (return loss) of the proposed antenna at 3.7 GHz.

FIGURE 8. AR plot of the proposed antenna at 3.7 GHz.

Moreover, Fig. 5 illustrates the surface current distribution at
the same frequency. From the depicted results, we can easily
derive that the surface current, which controls the antenna
properties such as resonant frequency, operational bandwidth
and radiation pattern, is maximized mostly on the center of
the patch. The photograph of the fabricated antenna is shown
in Fig. 6, whereas its S11 performance is presented in Fig. 7.
We can easily deduce that the measured data are in good
agreement with the simulation results. The measured band-
width is 5.9% or 205 MHz with the lowest value of
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FIGURE 9. Radiation patterns of the proposed antenna at 26 GHz. (a) φ = 00. (b) φ = 900. (c) θ = 900.

TABLE 5. Parameter values of the best achieved antenna design
at 26 GHz.

FIGURE 10. 3D gain (realized gain) plot of the proposed antenna
at 26 GHz.

−25.03 dB at 3.63 GHz. Additionally, Fig. 8 shows the
proposed antenna axial ratio. Once again, measured data are
in close agreement to the simulation results. The measured
AR is below or close to 3 dB from 3.53 GHz to
3.56 GHz or about 300 MHz. Thus, the measured S11 − AR
bandwidth (AR < 3 dB and S11 < −10 dB) that indicates the
operational bandwidth of the proposed antenna has narrow
characteristics and corresponds to a percentage bandwidth of
about 1% or 30 MHz.

FIGURE 11. Surface current distribution plot of the proposed antenna
at 26 GHz.

D. CASE 2: 26 GHz ANTENNA DESIGN
The second case includes the design of half E-shaped patch
antenna operating at 26 GHz. Table 5 reports the geometrical
parameter values of the best obtained result by GWO-Jaya.
The corresponding radiation patterns of realized gain at the
three main planes are presented in Figs. 9a-9c. The main
beam is in the broadside direction of the antenna in XZ
(10deg tilt); in YZ plane the beam is tilted to 48deg. The
antenna exhibits a realized gain of 6.86 dBi at the design
frequency of 26 GHz. The 3D radiation pattern is shown
in Fig. 10, whereas the surface current distribution at the
design frequency of 26 GHz is plotted in Fig. 11. Once again,
the surface current is maximized mostly on the center of the
patch antenna and is minimized at the edges. The fabricated
antenna is depicted in Fig. 12. Figs. 13 and 14 illustrate the
antenna performance. From the presented results, it is derived
that the percentage bandwidth is about 30% or 7.2 GHz.
As it is expected from simulation results, the antenna
is performed with ultra-wide-band frequency operation
(S11 < −10dB), which covers from 20 GHz to 27.2 GHz.
The lowest S11 value is −21.63 dB at 23.68 GHz. Moreover,
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FIGURE 12. Photograph of the fabricated antenna operating at 26 GHz.

FIGURE 13. S11 plot (return loss) of the proposed antenna at 26 GHz.

FIGURE 14. AR plot of the proposed antenna at 26 GHz.

from Fig. 14 we deduce that the S11−AR bandwidth is about
3.3% or 788 MHz. As a result, the antenna operation is quite
satisfactory and in accordance with the simulation results.
This performance is desirable in case of cellular communi-
cations.

E. CASE 3: 26 GHz MIMO ANTENNA
In the third case, we present a 4 × 2 MIMO antenna for
5G mobile devices, where each antenna element is the half-
eshaped antenna at 26 GHz designed in previous section.
The antenna geometry is depicted in Fig. 15. The inter-
element distance is set to dx = dy = 0.5λ, whereas the

FIGURE 15. 4× 2 MIMO antenna geometry at 26 GHz.

FIGURE 16. S- parameters example of MIMO antenna at 26 GHz.

antenna dimensions are L = 30mm,W = 19.4mm. Fig. 16
illustrates the S22, S23, S26 parameters variation from 20 GHz
to 35 GHz. It is noteworthy that the S22 is quite wide-
band. The bandwidth (S22 < −10dB) is about 27% or about
7.1 GHz, which covers from 22.5 GHz to 29.66 GHz. Thus,
there is a slight reduction in bandwidth compared with the
single element antenna one. We also observe that the mutual
coupling effects are not important since the S23, S26 values are
below −10 dB for the whole frequency range from 20 GHz
to 35 GHz.

IV. CONCLUSION
We have introduced a new optimization algorithm the
GWO-Jaya that combines GWO with Jaya elements. The
new algorithm outperforms the original GWO and Jaya as
well as other popular algorithms in a series of benchmark
functions. The new algorithm has been applied to two dif-
ferent antenna design cases for 5G mobile communications.
Both of the half E-shaped patch antennas, which are also
fabricated and measured, are circularly polarized. The first
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one is designed for operation in 3.7 GHz, while the second
is designed for operation in the mm-wave band of 5G in
26 GHz. In the first case, the measured S11 − AR bandwidth
where the antenna exhibits circular polarization is about 1%.
The antenna gain at the design frequency is 7.65 dBi. For
the second case, the measured S11 − AR bandwidth is about
3.3%. It is interesting to notice that in this case the antenna
is ultra wide band with S11 bandwidth larger than 7 GHz.
In both cases, the measured results are in good agreement
with the theoretical values obtained by simulation results.
Thus, we have provided a proof-of-concept for this new
design method. In our future work, we will apply the new
proposed algorithm to additional antenna design problems
for different geometries and applications. In our future work,
we will further evaluate the GWO-Jaya using the IEEE CEC
2017 test suite.

APPENDIX A
BENCHMARK FUNCTIONS
A. UNI-MODAL FUNCTIONS
1. Sphere function

f1(x) =
D−1∑
j=0

x2j ,
∣∣xj∣∣ ≤ 100 and f1 (0, 0, ...0) = 0

2. Rosenbrock’s function

f2(x) =
D−2∑
j=0

[
100

(
xj+1 − x2j

)2
+
(
xj − 1

)2]
,∣∣xj∣∣ ≤ 2.048 and f2 (1, 1, ...1) = 0

B. MULTI-MODAL FUNCTIONS
3. Ackley’s function

f3(x) = −20 exp

−1
5

√√√√√ 1
D

D−1∑
j=0

x2j


− exp

 1
D

D−1∑
j=0

cos
(
2πxj

)+ 20+ e,∣∣xj∣∣ ≤ 32 and f3 (0, 0, ...0) = 0

4. Griewanks’s function

f4(x) =
D−1∑
j=0

x2j
4000

−

D−1∏
j=0

cos
(
xj
√
j

)
,∣∣xj∣∣ ≤ 600 and f4 (0, 0, ...0) = 0

5. Weierstrass function

f5(x) =
D−1∑
j=0

(kmax∑
k=0

[
ak cos

(
2πbk

(
xj + 0.5

))])

−D

(kmax∑
k=0

[
ak cos

(
πbk

)])
,

a = 0.5, b = 3,kmax= 20
∣∣xj∣∣ ≤ 0.5 and f5 (0, 0, ...0) = 0

6. Rastrigin’s function

f6(x) =
D−1∑
j=0

[
x2j − 10 cos

(
2πxj

)
+ 10

]
,∣∣xj∣∣ ≤ 5.12 and f6 (0, 0, ...0) = 0

7. Noncontinuous Rastrigin’s function

f7(x) =
D−1∑
j=0

[
y2j − 10 cos

(
2πyj

)
+ 10

]
,

yj =

{
xj

∣∣xj∣∣ < 0.5
round(2xj)/2

∣∣xj∣∣ ≥ 0.5
,

for j = 0, 1, ...,D− 1 and f7 (0, 0, ...0) = 0

8. Schwefel’s function

f8(x) = 418.9829× D−
D−1∑
j=0

[
xjsin

(∣∣xj∣∣ 12)],∣∣xj∣∣ ≤ 500 and f8 (420.96, 420.96, ...420.96) = 0

9. Generalized Penalized function 1

f9(x) =
π

n
× {10sin2 (πy1)

n−1∑
i=1

(yi − 1)2

×

[
1+ 10sin2 (πyi+1)

]
+ (yn − 1)2}

+

n∑
i=1

u (xi, a, k,m)

where

yi = 1+
1
4
(xi + 1) ,

u (xi, a, k,m) =


k(xi − a)m if xi > a
0 if − a ≤ xi ≤ a
k(−xi − a)m if xi < −a

a = 10, k = 100,m = 4

−50 ≤ xi ≤ 50, i = 1, 2, · · · , n

f9 (−1,−1, ...,−1) = 0

10. Generalized Penalized function 2

f10(x) = 0.1× {sin2 (3πx1)

+

n−1∑
i=1

(xi − 1)2
[
1+ sin2 (3πxi+1)

]
+ (xn − 1)2

[
1+ sin2 (2πxn)

]
}

+

n∑
i=1

u (xi, a, k,m)

u (xi, a, k,m) =


k(xi − a)m if xi > a
0 if − a ≤ xi ≤ a
k(−xi − a)m if xi < −a

a = 10, k = 100,m = 4

−50 ≤ xi ≤ 50, i = 1, 2, · · · , n

f10 (1, 1, ..., 1) = 0
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