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INFERRING SCOPE ECONOMIES 

FROM THE INPUT DISTANCE FUNCTION 
 
 

 
 

 
1. Introduction 
 
In a recent paper, Hajargasht, Coelli and Rao (2008) derived sufficient conditions for 

scope economies in terms of the input distance function using its duality with the cost 

function.  In particular, they derived the dual counterpart of (weak) cost 

complementarity in terms of the (first and second partial) derivatives of the input 

distance function.  According to Hajargasht, Coelli and Rao (2008), the main 

advantage of inferring scope economies from the input distance function is that its 

econometric estimation does not require access to input price data as does that of a 

cost function.  Nevertheless, cost complementarity is only a sufficient condition for 

scope economies and consequently, according to Baumol, Panzar and Willig (1988, 

pp. 75-79), it can successfully detect scope economies when they are due to public 

inputs but it may fail to do so if they are caused by the presence of sharable inputs.  In 

such cases, cost sub-additivity is a necessary and sufficient condition for scope 

economies. 

 In this paper we show how scope economies can be inferred from the input 

distance function by relying on the cost sub-additivity rather the cost complementarity 

condition.  For this purpose, we use the input oriented version of Mahler’s inequality, 

namely that the product of the cost function and the input distance function is less 

than or equal to observed cost (Färe and Grosskopf, 2000).  Based on Mahler’s 

inequality, which essentially connects the primal and the dual representations of the 

technology, we rewrite the cost sub-additivity condition for scope economies in terms 

of the input distance function.  Thus, the move from the dual to the primal to frees us 

of the input price data requirement for inferring scope economies.  The derived 

condition is necessary and sufficient for scope economies and as such it is more 

informative in inferring scope economies than the cost complementarity condition 

obtained by Hajargasht, Coelli and Rao (2008) while it maintains the advantage of not 

requiring input price data. 
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2. The Main Result  
 
In the following we assume, as Hajargasht, Coelli and Rao (2008) implicitly did, the 

presence of input allocative efficiency when outputs are produced jointly.1  That is, 

the vector of actual input quantities is supposed to have the optimum “composition” 

but not necessarily the optimum “level” for producing a given level of outputs under 

the joint production technology.  Under allocative efficiency, Mahler’s inequality 

turns to an equality (Färe and Grosskopf, 2000) and thus 𝑤 𝑥 = 𝐶(𝑤, 𝑦)𝐷 (𝑥, 𝑦), 

where w, x and y refer respectively to the vectors of input prices, output quantities and 

input quantities, and 𝐶(𝑤, 𝑦) and 𝐷 (𝑥, 𝑦) are the cost and the input distance 

functions.  No such an assumption is however required when products are produced 

separately.  Hence, we allow for the possibility that a splintering of production into 

(independent) product lines induces some degree of input allocative inefficiency even 

if it is absent when outputs were produced jointly.2       

 According to Baumol, Panzar and Willig (1998, p. 71), the following form of 

cost sub-additivity, which is restricted to orthogonal non-negative output vectors, is a 

necessary and sufficient condition for scope economies: 

 
                                     𝐶(𝑤, 𝑦 , 𝑦 ) ≤ 𝐶(𝑤, 𝑦 , 0) + 𝐶(𝑤, 0, 𝑦 )                             (1) 

  
where 𝑦 ∙ 𝑦 = 0, i.e., vectors with no components in common.3  That is, the 

minimum cost for the joint production should be no more than the sum of the 

minimum cost of the separate production.  Then, using Mahler’s inequality for the 

separate production lines, i.e., 𝐶(𝑤, 𝑦 , 0)𝐷 (𝑥 , 𝑦 , 0) ≤ 𝑤 𝑥  for j=1,2, rearranging 

terms and summing up yields: 

 
      𝐶(𝑤, 𝑦 , 0) + 𝐶(𝑤, 0, 𝑦 ) ≤ 𝑤 𝑥 [𝐷 (𝑥 , 𝑦 , 0)] + 𝑤 𝑥 [𝐷 (𝑥 , 0, 𝑦 )]    (2) 

 
By combining (1) and (2) under the assumption of input allocative efficiency for the 

joint production, which implies that 𝐶(𝑤, 𝑦 , 𝑦 ) = 𝑤 𝑥[𝐷 (𝑥, 𝑦 , 𝑦 )] , we derive 

a primal counterpart of the cost sub-additivity condition for scope economies in terms 

of the input distance function: 

 
     𝑤 𝑥[𝐷 (𝑥, 𝑦 , 𝑦 )] ≤ 𝑤 𝑥 [𝐷 (𝑥 , 𝑦 , 0)] + 𝑤 𝑥 [𝐷 (𝑥 , 0, 𝑦 )]            (3) 
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That is, the cost of the technically efficient input bundle for producing outputs jointly 

is less than or equal to the sum of the cost of the technically efficient input bundles for 

producing outputs separately.  Notice that different input quantities are required when 

either (𝑦 , 0), (0, 𝑦 ) or (𝑦 , 𝑦 ), are to be produced. Moreover, by using the 

definition of the input-oriented technical efficiency (i.e., 𝑇𝐸 (𝑥, 𝑦) = 1/𝐷 (𝑥, 𝑦)), (3) 

may be written as:  

 
                            𝑇𝐸 (𝑥, 𝑦 , 𝑦 ) ≤ 𝑠 𝑇𝐸 (𝑥 , 𝑦 , 0) + 𝑠 𝑇𝐸 (𝑥 , 0, 𝑦 )                  (4) 

   
where𝑠 = 𝑤 𝑥 /𝑤 𝑥  for j=1,2 and ∑ 𝑠 ≤ 1 as 𝑥 ≤ ∑ 𝑥 .  Thus, a necessary and 

sufficient condition for scope economies is that the technical efficiency of the joint 

production process to be less than or equal to the weighted sum of the technical 

efficiencies of the individual activities, with the weights being the share of the cost of 

each stand-alone production to the cost of joint production.4   

 Lets now examine how the above condition is related to that proposed by 

Nemoto and Furumatsu (2014), which in fact derived an “un-weighted” version of 

(4); see its equation (18).  Nemoto and Furumatsu (2014) implicitly assumed 

allocative efficiency for both the joint and the stand-alone production as it relied on 

minimum cost under shadow prices instead of minimum cost under actual prices to 

derive the condition for scope economies; see also footnote 1 above.5  The shadow 

prices make the technically efficient input vector the least cost solution for producing 

a given level of output(s) and thus, Mahler’s inequality turns to an equality (see Färe 

and Primont (1995, p. 57) and Balk (1998, p. 29)).  For the problem at hand, this 

means that 𝑤 𝑥 = 𝐷 (𝑥, 𝑦 , 𝑦 )𝐶(𝑤, 𝑦 , 𝑦 ), 𝑤 𝑥 = 𝐷 (𝑥 , 𝑦 , 0)𝐶(𝑤 , 𝑦 , 0) and 

𝑤 𝑥 = 𝐷 (𝑥 , 0, 𝑦 )𝐶(𝑤 , 0, 𝑦 ), where a tilde over input prices denotes the set of 

shadow prices. Then, by substituting these into (1), we can derive an “un-weighted” 

version of (4) as long as 𝑤 𝑥 = 𝑤 𝑥 = 𝑤 𝑥 .  This is a rather arbitrary assumption 

to justify however.6  Consequently, it seems that (4) is both more general and 

intuitively appealing.     

 Consider next the case where the primal production technology is modeled by 

a directional rather than a radial distance function.  Then, Mahler inequality becomes: 

𝑤 𝑥 − 𝐶(𝑤, 𝑦) ≥ 𝐷 (𝑥, 𝑦; 𝑔 )(𝑤 𝑔 ) (Färe and Grosskopf, 2004, p. 25), where 

𝐷 (𝑥, 𝑦; 𝑔 ) is the directional input distance function and 𝑔  the direction vector.  
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Using the same assumptions as above and combining the aforementioned Mahler’s 

inequality with (1) results after few manipulations in: 

     

𝐷 (𝑥, 𝑦 , 𝑦 ; 𝑔 ) − 𝐷 (𝑥, 𝑦 , 0; 𝑔 ) − 𝐷 (𝑥, 0, 𝑦 ; 𝑔 ) ≤
𝑤 𝑥 − 𝑤 𝑥 − 𝑤 𝑥

𝑤 𝑔
      (5) 

 
 which using the definition of the input-oriented technical efficiency indicator (i.e., 

𝑇𝐸 (𝑥, 𝑦; 𝑔 ) = 𝐷 (𝑥, 𝑦; 𝑔 ) can be written as: 

  

𝑇�⃗� (𝑥, 𝑦 , 𝑦 ; 𝑔 ) − 𝑇𝐸 (𝑥, 𝑦 , 0; 𝑔 ) + 𝑇𝐸 (𝑥, 0, 𝑦 ; 𝑔 ) ≤
𝑤 𝑥 − 𝑤 𝑥 − 𝑤 𝑥

𝑤 𝑔
 (6) 

 
That is, a necessary and sufficient condition for scope economies is that the difference 

between technical efficiency of the joint production process and the sum of technical 

efficiency scores of the disjoint production processes should be less than or equal to 

the normalized difference of observed cost between the joint and the stand-alone 

production, with the normalized factor being the “cost” of the direction vector. 

 
3. Empirical Implementation 
 
To briefly highlight how the aforementioned results may be used in empirical work, 

consider the case of multi-utilities.7  For some time, there has been a tendency (see 

e.g. Fraquelli, Piacenza and Vannoni (2004) and Farsi, Fetz and Filippini (2008) for 

evidence regarding several European countries) for local utility companies to become 

providers of many network services in the form of bundled products.  Since utilities 

that combine activities related for example to gas, electricity and water distribution 

use similar assets (e.g., wires) and skills, they are able to achieve some cost savings in 

the management of users (metering, billing, etc.), in advertising activities and in 

administration costs by combining the respective customer bases when there are scope 

economies (Fraquelli, Piacenza and Vannoni, 2004).  Nevertheless, ongoing reforms 

in the energy sector in many countries promote the unbundling of multi-utilities’ 

services into separate operations.  This is certainly true for “vertical” unbundling, 

such as the separation of production, transmission and distribution functions, but not 

necessarily so for “horizontal” unbundling, which remains an open question.  

According for instance to EU policy directives, functional unbundling of activities 

related to different sectors can only be decided on a case-by-case basis and in any 

case, utilities of less than 100,000 customers can be exempted.   On the one hand, 
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unbundling the services into separate functions may allow greater resource efficiency 

through stronger and more transparent competition but, on the other hand, it reduces 

the possibility (if any) of exploiting scope economies.  Thus the relevant empirical 

question becomes whether and to what extent multi-utilities can rely on scope 

economies to reduce their cost in comparison to a group of single-utility companies.   

To explore this question we need a set of companies along with the relevant 

input and output data related to gas, electricity and water distribution, over a given 

time period.  For such a data set to be operational for our purpose it should contain a 

number of companies providing all three services and some that are specialized in one 

of them; of course, there may also be some that offer two of the three services.8  The 

relevant input and output data may be collected from the companies’ annual reports 

containing financial information.  The outputs are measured by the total quantity 

delivered to the customers and the measurement units are kilowatt hours for 

electricity, cubic meters for water, and either kilowatt hours or cubic meters for gas.    

On the input side, we include labor, energy, materials, services and depreciation.  

Labor may be measured by either annual labor cost or the total number of employees, 

with the former to be preferable as it adjusts for both part- and full-time and skill and 

unskilled employees.  In the energy input, electricity and gas purchases are included.9  

Materials, services and depreciation are measured in value terms and in the case of 

panel data they are deflated by the relevant input price indices to reflect implicit input 

quantities.  In addition, we need total cost (but not necessarily input price) data for 

computing the 𝑠 ’s in (4). 

The proposed condition, expressed in terms of technical efficiency scores, 

requires the estimation of the underlying input distance function with econometric 

(i.e., stochastic frontier analysis) or linear programming techniques (i.e., Data 

Envelopment Analysis) based on input and output quantity data.  From the observed 

data, we may combine at the municipal level or within reaonable proximity two or 

three utilities with orthogonal output vectors into one unit (multi-utility) supplying the 

observed quantities of the three services using the sum of the observed quaintites of 

the inputs.  Then, by comparing the estimated technical efficiency score of the multi-

utility with the weighted sum of the estimated techical efficiency scores of the 

constituent utilities, as in (4), we can infer the existence of scope economies.  One 
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may repeat such comparisons exausting all possible combinations, reflecting different 

sizes and input intensities, that are regionally feasible.      

 
4. Concluding Remarks 
 
In this paper we derive the primal counterpart of the cost sub-additivity condition in 

terms of the input distance function based on its duality with the cost function and 

Mahler’s inequality.  When coupled with Hajargasht, Coelli and Rao (2008) results 

we have the primal counterparts of both cost sub-additivity and cost complementarity 

conditions in terms of the input distance function.  These conditions hold as long as 

allocative efficiency is assumed either for the joint production alone or for both the 

joint and the stand-alone production.       
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Footnotes 
                                                
1 Hajargasht, Coelli and Rao (2008) stated the condition for scope economies in terms 

of the shadow cost function (see their equations (4) and (5)) rather than the cost 

function originally employed by Baumol, Panzar and Willig (1988).  For these to be 

equivalent, the shadow and the conventional cost functions should coincide, and this 

only occurs under allocative efficiency.  To verify this see Balk (1998, p. 30) where 

input allocative efficiency is defined by the ratio of the minimum cost under actual 

input prices and the minimum cost under shadow prices, which are obtained by the 

first derivative of the input distance function with respect to input quantities.  Nemoto 

and Furumatsu (2014) also made the same assumption but they were more restrictive 

in the sense that it assumed allocative efficiency for both the joint and the stand-alone 

production; this is the only way one may relate their equations (17) and (13).       
2  Obviously, the following results hold even if we assume allocative efficiency for 

each stand-alone production. 
3 The other assumption inherent in Baumol, Panzar and Willig (1988) definition of 

cost sub-additivity is that all inputs are essential in the production of both output 

vectors regardless if they are produced jointly or separately. 
4  The above condition for inferring scope economies is particualry useful when there 

are no input price data as in the cases of health, education, justice, police, and other 

public sectors. 
5   The shadow prices are computed by using the first derivative of the input distance 

function with respect to input quantities.  Due to the linear homegenity of the input 

distance function with respect to input qauntites, shadow prices are determined up to a 

multiplicative factor. 

6 It is not clear whether the requirement that ¢wx = w1x1 = w2x2 is related (it does not 

as far as we consider) to the other assumption, namely input homotheticity, made by 

Nemoto and Furumatsu (2014) in deriving their equation (18).   
7 There are of course several other cases that they may be applied as for example 

residential aged care facilities with high and low care services (see Hajargasht, Coelli 

and Rao, 2008), higher education institutions providing jointly or not education and 

research  (Nemoto and Furumatsu, 2014), etc. 
8  For example, in the sample of the 90 Italian utilities used by Fraquelli, Piacenza and 

Vannoni (2004), 19 were active only on gas distribution, 4 on electricity distribution, 
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16 on water distribution, 31 offered gas and water, 5 water and electricity, 1 gas and 

electricity, and 14 jointly provided the three services, while in the sample of the 87 

Swiss companies used by Farsi, Fetz and Filippini (2008), 12 were active only on gas 

distribution, 23 on electricity distribution, 3 on water distribution, 3 offered gas and 

water, 11 water and electricity, 2 gas and electricity, and 33 jointly provided the three 

services.    
9  This implies that we cannot include in the sample utilities that are also active at the 

production stage. 


