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ABSTRACT: In this note we show how alternative measures of technical inefficiency 
at the industry level, evaluated along different direction vectors, are related to one 
another.  Based on the homogeneity property of the directional technology distance 
function with respect to the direction vector, we verify that aggregate efficiency 
evaluated relative to the industry aggregate input-output vector is equal to the average 
of individual efficiency scores evaluated relative to the average input-output vector. 
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1. Introduction 
 
At the industry level, efficiency may be measured using either aggregate or structural 

efficiency (see e.g. Farrell (1957), Briec, Dervaux and Leleu (2003) and Karagiannis 

(2015)).  The former takes the structure of the industry as given (i.e., keeping the 

existing allocation of inputs and outputs across firms) and measures “the percentage 

of savings in inputs and expands in outputs … that can be achieved if all individual 

firms produce efficiently” (Leleu and Briec, 2009, p. 205).  The latter allows for 

reallocation of inputs and outputs across firms and measures the efficiency of the 

industry when it is considered as a single production unit.  Aggregate efficiency 

cannot be estimated directly but it can be computed from the individual efficiency 

estimates while structural efficiency can be estimated directly.  The focus of this note 

is on the former when using indicators instead of indices to gauge efficiency.   

In the case of efficiency indicators, the choice of direction vector is also an 

important aspect of the analysis, as the reference point along which efficiency is 

measured matters.  Considering industry level measures, Leleu and Briec (2009) 

suggested the use of the industry aggregate input-output vector as a natural direction 

to measure efficiency at the industry level.  For the same purpose, Aparicio, Pastor 

and Ray (2013) proposed using the same direction but with a reference vector of 

different length, namely the average input-output vector.  They argued that the 

average input-output vector “allows to get a measure of industry-wide inefficiency 

from the simple average of firm specific values” (p. 157).  

In this note we show that these two proposals result in the same aggregate 

efficiency as one can prove that aggregate efficiency in the direction of the industry 

aggregate input-output vector is equal to the average of individual efficiency scores in 

the direction of the average input-output vector. 
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2. Main Results 
 

Let x and y be input and output quantity vectors and T the production possibility set 

and assume that the technology of individual firms (k=1,...,K) in an industry is 

described by the direction technology distance given as 𝐷 𝑥 , 𝑦 ; 𝑔 , 𝑔 =

max 𝛿: (𝑥 − 𝛿𝑔 , 𝑦 + 𝛿𝑔 ) ∈ 𝑇 , which satisfies certain properties, namely, it is 

non-decreasing in x as long as inputs are freely disposable and non-increasing in y as 

long as outputs are freely disposable and satisfies the properties of translation and of 

homogeneity of degree -1 in the direction vector (𝑔 , 𝑔 ) (Chambers, Chung and 

Färe, 1998).  Following Briec, Dervaux and Leleu (2003) and Färe, Grosskopf (2004, 

pp. 100-104) and assuming a common direction vector to all firms, we measure 

aggregate efficiency 𝐸(𝐺; 𝑔 , 𝑔 ) in the direction of (𝑔 , 𝑔 ) as:1   

 

𝐸(𝐺; 𝑔 , 𝑔 ) = 𝐷 𝑥 , 𝑦 ; 𝑔 , 𝑔                                        (1) 

 
where 𝐺 = {(𝑥 , 𝑦 ), … , (𝑥 , 𝑦 )}  reflects the existing allocation of inputs and 

outputs across firms.  

There are several options regarding the choice of the direction vectors.  For 

example, Leleu and Briec (2009) applied the above rule using (𝑋, 𝑌) = (∑ 𝑥 , ∑ 𝑦 ) 

for (𝑔 , 𝑔 ) and thus 

 
 𝐸(𝐺; 𝑋, 𝑌) = ∑ 𝐷 (𝑥 , 𝑦 ; 𝑋, 𝑌)                                     (2) 

 

On the other hand, Aparicio, Pastor and Ray (2013)) used (�̅�, 𝑦) =
∑

,
∑

 

for (𝑔 , 𝑔 ) at the individual level but instead of applying the above aggregation rule, 

namely (1), to obtain 

 

𝐸(𝐺; �̅�, 𝑦) = 𝐷 (𝑥 , 𝑦 ; �̅�, 𝑦)                                      (3)   

 
as for example in Park and Weber (2006), they have argued without proof that 

1/𝐾 ∑ 𝐷 (𝑥 , 𝑦 ; �̅�, 𝑦) measures aggregate industry efficiency.  In their words (p. 

157), “in considering (�̅�, 𝑦) = (𝑔 , 𝑔 )  allows to get a measure of industry-wide 

inefficiency from the simple average of firm specific” inefficiencies.2 
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Then the question that arises is whether 1/𝐾 ∑ 𝐷 (𝑥 , 𝑦 ; �̅�, 𝑦) provides a 

measure of aggregate efficiency and if it does, in which direction.  One can verify that 

the aggregate measure suggested by Aparicio, Pastor and Ray (2013) coincides with 

that of Leleu and Briec (2009).  To formally prove that we rely on the homogeneity 

property of the directional technology distance function with respect to the direction 

vector, namely 𝐷 𝑥 , 𝑦 ; 𝜆𝑔 , 𝜆𝑔 = (1/𝜆)𝐷 𝑥 , 𝑦 ; 𝑔 , 𝑔  for 𝜆 > 0  (see 

Chambers, Chung and Färe, 1998).3  In particular, 

 

 ∑ 𝐷 (𝑥 , 𝑦 ; �̅�, 𝑦) = ∑ 𝐷 (𝑥 , 𝑦 ; �̅�, 𝑦) = ∑ 𝐷 (𝑥 , 𝑦 ; 𝐾�̅�, 𝐾𝑦) 

= 𝐷 (𝑥 , 𝑦 ; 𝑋, 𝑌)         (4) 

 
which proves our main result. 

 Based on the same property of the directional technology distance function we 

may relate the aggregate measures in (2) and (3) as follows: 

 

𝐸(𝐺; �̅�, 𝑦) = 𝐷 (𝑥 , 𝑦 ; �̅�, 𝑦) = 𝐷 𝑥 , 𝑦 ;
𝑋

𝐾
,
𝑌

𝐾
= 𝐾 𝐷 (𝑥 , 𝑦 ; 𝑋, 𝑌) 

= 𝐾𝐸(𝐺; 𝑋, 𝑌)              (5) 

 
That is, aggregate efficiency measured relative to the average input-output vector is K 

times greater than aggregate efficiency measured relative to the industry aggregate 

input-output vector.   

 
3. Concluding Remarks 
 
We conclude by noticing that if one takes at face value Leleu and Briec (2009) 

suggestion that the industry aggregate input-output vector is the natural direction to 

measure efficiency at the aggregate level, then there are two alternative ways to 

estimate industry efficiency: first, by summing up individual (firm-level) efficiency 

scores in the direction of the industry aggregate input-output vector, as shown by 

Leleu and Briec (2009); and second, by averaging the individual (firm-level) 

efficiency scores in the direction of the average input-output vector, as shown in (4).   
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Endnotes 
                                                        
1 This aggregate efficiency measure coincides with Briec, Dervaux and Leleu (2003) 

industrial technical efficiency index (see their definition 3a on p. 248) and with Leleu 

and Briec (2009) firms’ technical efficiency index (see the first part of their definition 

2 on p. 205). 

2 By “keeping the existing distribution of inputs and outputs across firms” (p. 157) 

Aparicio, Pastor and Ray (2013) made clear that have also used the aggregate instead 

of the structural measure in evaluating inefficiency at the industry level.  

3 As the modified directional distance function used by Aparicio, Pastor and Ray 

(2013) satisfies all properties of the directional technology distance function except 

translation, we provide our results in terms of the latter since the translation property 

is not involved in the following derivation. 


