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Abstract 
In this paper, the generic fixed-value efficiency (fve) 

method is proposed to study the scalability of parallel 

algorithms with multiple components of work. The generic 

fve method is based on the isoefficiency method. Unlike 

isoefficiency however this method may be applied to 

parallel algorithm-machine combinations (parallel 

systems) where the relationship between the total work 

and its components is not predetermined by the 

decomposition method or any other factor. The objective 

of the method is to derive the relationships between the 

total work and its components in order for the efficiency 

of the parallel system to be preserved. The use of the 

method is demonstrated by analysing the impact of the 

sparsity of the input data on the scalability of a static 

state-estimator for power systems. 

 

 

1. Introduction 
 

Scalability analysis allows predicting performance of 

large machine and problem instances based on the known 

performance of small ones. A large number of metrics has 

been proposed for analysing scalability including 

isoefficiency function [1] scaled speedup [2] and isospeed 

[10]. It is now well-established that no single metric is 

better than the others as different metrics are more 

suitable under different conditions [3] [5] [9] [13]. For a 

comprehensive view of scalability the use of a set of 

metrics instead of a single one has been also proposed [5] 

[13]. In certain cases however a rapid evaluation of 

scalability is required. For these cases, isoefficiency 

analysis has been proved to be a useful tool [1] [4] [14]. 

The main objective of the isoefficiency analysis is to 

determine whether a parallel system can preserve its 

efficiency by increasing the work as the number of 

processors is scaled. Parallel systems are termed scalable 

if they can preserve efficiency and unscalable otherwise. 

Isoefficiency analysis is suitable for parallel algorithms 

where the relationship between the total work and its 

components is predetermined. Examples are some parallel 

algorithms derived from perfectly balanced domain 

decompositions. In these cases the work assigned to each 

processor cannot change. The objective of isoefficiency 

analysis is to determine whether the parallel system under 

investigation is scalable or not. For a certain number of 

processors, the analyst cannot experiment with different 

assignments of work to processors in order to increase 

efficiency. 

For a certain class of parallel systems however the 

relationship between the total work and its components 

may not be implied by the decomposition method or any 

other factor. Examples are some parallel algorithms 

derived from a functional decomposition of the serial 

algorithm, such as the decomposed state-estimator for 

power systems [8]. The use of the isoefficiency method is 

not practical here, as all possible assignments of work to 

processors have to be defined and in turn analysed.  

In this paper, the generic fixed-value efficiency (fve) is 

proposed. The objective of this method is to determine the 

relation that should hold between the growth rates of the 

total work and its components for the parallel system 

under investigation to preserve efficiency as the number 

of processors is scaled. 

This paper is organised as follows. In section 2 the 

isoefficiency method is reviewed. In section 3, the model 

of parallel systems with multiple components of work is 

outlined. In section 4, the generic fixed-value efficiency 

(fve) method is introduced. In section 5, the proposed 

method is applied to analyse the scalability of a state-

estimator algorithm for power systems. Conclusions and 

final comments are given in section 6.. 

 

2. Isoefficiency method 
 

The size W of a problem may be defined as the work 

performed by an optimal (or the best known) sequential 

algorithm to solve the given problem on a single 
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processor. The overhead function To (W, p) represents the 

sum total of all the overhead incurred by all the p 

processors during the parallel execution of an algorithm. 

The efficiency of a parallel system is given by  

E   =   S  /  p  =  1 / (1+ To (W, p) / W tc)  

where tc is a machine-dependent constant. For a class 

of parallel systems, called scalable parallel systems, the 

efficiency can be maintained at a desirable value (between 

0 and 1) provided W is increased as p is scaled. In order to 

maintain a fixed efficiency, W should be proportional to 

To (W, p) or the following relation must be satisfied [1]: 

W   =   K To (W, p)    (1) 

where K = E / ((1-E) tc) is a constant depending on the 

efficiency to be maintained. The isoefficiency function of 

a parallel system is determined by abstracting W as a 

function of p through algebraic manipulations is equation 

(1).  

For parallel systems where the overall overhead 

function To has multiple terms it can be very difficult or 

even impossible to obtain the isoefficiency function as a 

closed function of p. However, as p and W increase, the 

efficiency does not decrease if none of the terms of To 

grow faster than W. Therefore, if To has multiple terms, W 

is balanced against each term of To and the respective 

isoefficiency function for each individual term is 

computed. If at least one term yields no isoefficiency 

function the analysis terminates and the system is 

considered as unscalable. If all terms yield an 

isoefficiency function then the component of To that 

requires W to grow at the highest rate w.r.t. p determines 

the overall asymptotic isoefficiency function of the 

parallel system. 

 

3. Parallel systems with multiple components 

of work 
 

For a fairly large number of parallel systems, the 

amount of work at the parallel algorithm consists of 

multiple components. Parallel systems in this category 

include those where work is not equally balanced between 

processors, those with a serial component and those 

following the master-slave paradigm. They also include 

parallel algorithms derived from a functional 

decomposition of the best known sequential algorithm for 

the same problem. In these cases, assuming that the total 

work at the parallel algorithm is equal to the problem size 

W (i.e. there are no extra computations in the parallel 

algorithm) it is: 

W Wi

i

p





1

    (2) 

where the growth rate of Wi is no faster than the growth 

rate of W (the term no faster as well as other order 

analysis terms which are used in this paper are defined in 

Appendix A). In this paper, it is assumed that the growth 

rates of the work components Wi with respect to W are not 

predetermined.  

Other relationships between the problem size and the 

work components are also possible depending on the 

parallel system under investigation. For example, in a 

parallel system with a serial W1 and a perfectly parallel 

Wp component, it is W = W1 + Wp. 

 

4. Generic fixed-value efficiency method 
 

The generic fixed-value efficiency (fve) method can be 

applied to parallel systems where the relationship between 

the total work and its components is not predetermined. 

As a result, the total work may be distributed to the 

available processors in may different ways. The objective 

of the generic fve method is to derive the relationships 

between the total work and its components for the parallel 

system under investigation to be scalable. 

In parallel systems with multiple components, the total 

work is related with its components as shown in equation 

(2). The overhead function To , which is a function of p 

and W, becomes a function of p and the components W1 , 

W2 , ..., Wp , i.e. To(p, W1 , W2 , ..., Wp).  Thus the main 

relationship for the generic fve method, i.e. W = K To 

becomes: 

W   =   K To(p, W1 , W2 , ..., Wp )   (3) 

For generic fve analysis, the following set of 

relationships is examined: 

W   =   K To(p, W1 , W2 , ..., Wp )   (4a) 

W   =   W1  +  W2  +  ... +  Wp    (4b) 

There is a significant difference in the analysis of these 

two relationships.  Equation (4a) is utilised to derive the 

isoefficiency function, i.e. the growth rate of W that is 

required for the parallel system under investigation to 

preserve efficiency.  On the other hand, equation (4b) 

shows the actual growth rate of W thus posses a constraint 

on the relative growth rate of the work components in the 

parallel algorithm. 

Equation (4b) suggests that W grows at the same rate as 

the fastest between the components Wi (1  i  p).  As the 

fastest component is unknown all possible cases are in 

turn examined.  This gives a total of p cases where in case 

i the component Wi is assumed to be the fastest.   

For each case, equation (4a) is then examined to reveal 

the conditions for the parallel system to be scalable.  

These conditions however should not violate relationship 

(4b). 
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5. Scalability analysis of a power systems 

state-estimator 
 

A Decomposed State Estimator (DSE) program for 

power systems was made available by the Brunel Institute 

of Power Systems [6] for evaluation purpose of the fve 

method.  This program implements the DSE algorithm 

reported by J. F. Marsh et al. [8]. The algorithm itself has 

two important characteristics. Firstly, it is based on the 

master-slave paradigm; additionally the amount of work in 

the master and each slave are not determined by the 

algorithm but rather by the input data. Secondly, different 

variations of the algorithm can be implemented based on 

the expected sparsity of the input data. 

In this section, the generic fve method is used to 

analytically predict the effect of input data sparsity on 

scalability. The predictions are also verified by timing 

measurements obtained  from porting the DSE program to 

a Parsytec GCel 3/512. 

For clarity the relevant material relating to the power 

systems state-estimator reported by J. F. Marsh and M. 

Azzam [7] and J. F. Marsh et al. [8] is summarised in 

sections 5.1 through 5.3. A detailed account can be found 

in the appropriate references [6][7][8]. The performance 

analysis conducted to construct all necessary models is 

given in section 5.4. The generic fixed-value efficiency 

method is presented in section 5.5 while the convergence 

between theoretical predictions and timing measurements 

is shown in section 5.6.   

 

5.1  The conventional least-squares estimator 
 

In a steady state analysis of power systems operation, 

the objective is to estimate the states x of the system given 

a set of measurements z and an algebraic model relating z 

to x.  Network states are nodal voltage magnitudes and 

phases while measurements consist of a selection of nodal 

voltage magnitudes, real/reactive nodal power injections 

and line flows.  The power system is represented by a 

graph that essentially contains all available information on 

the relationship between z and x.  This graph consists of n 

nodes interconnected by lines.   

The relationship between measurements and states is 

represented by a set of algebraic non-linear equations of 

the form: 

z   =   h() + u 

where   is the actual states of the system, h is the 

measurement function and u the measurement uncertainty 

(   
n
 ;  z, u  

m and m>n).  

Assuming that measurements are assigned weights then 

the problem of Weighted Least-Squares estimation of  is 

equivalent to finding the local minimum of the 

performance index: 

2

1)( 
R

xhzJ  

by choice of estimate x.  If the non-linear function h(x) 

is approximated by a linear form obtained from a 

truncated Taylor-series expansion, then the conventional 

least-squares estimator (CSE) for the system states is 

given by convergence of  

H
T
(j) R

-1
 H(j) x (j) = H

T
(j) R

-1
 z (j)  (5) 

where x (j) =x(j+1) - x(j) , z (j) = z - h(x(j)) and H = 

h/x is the Jacobian matrix of h(x).  H and h(x) are 

evaluated at x = x(j) and j is an iteration index.  The 

procedure terminates when a pre-defined function of x(j) 

(such as max || x(j) || ) falls below a predetermined 

threshold Ao . 

 

5.2  The decomposed state estimator 
 

The problem of reducing run times and also improving 

the robustness of state estimation can be addressed by 

hierarchical methods, such as the decomposed state 

estimator (DSE) [8].  In the DSE, the overall graph of n 

nodes is decomposed into k non-overlapping areas (figure 

1).  Lines which inter-connect areas are known as ‘ties’.  

Areas that are directly interconnected by ties are said to be 

‘adjacent’.  Ties are terminated at nodes termed ‘boundary 

nodes’.  The total number of boundary nodes is 

represented by nb while the boundary states are 

represented by the vector xb .  In each area, all nodes other 

than boundary nodes are termed ‘internal nodes’.  For area 

i , the number of internal nodes is represented by nir  

while the internal states are represented by the vector xir . 

The CSE method presented in section 5.1 is equivalent 

to the DSE method shown in figure 4 (Appendix C).  

Details on the derivation of the DSE and the mathematical 

equivalence of the two methods are reported by J. F. 

Marsh and M. Azzam [8]. 

In the DSE, the problem of state estimation is solved in 

two levels: the upper level is assigned to a single 

processor while the lower level is assigned to (p – 1) 

processors working in parallel. At the upper level, the 

states xb of the boundary nodes are computed. At the 

lower level the states xir of the internal area i are 

computed for all i; furthermore matrices required for 

computing the new xb during the next iteration are also 

calculated. Communication is required between the upper 

and lower level but not within the lower level. The DSE 

consists of the repetition of consecutive entries to lower 

and upper level, continued to a defined convergence.  

An appropriate model for implementing the DSE is the 

master-slave model where the master is assigned all 

computations at upper level while each slave is assigned 

the computations at each area of the lower level. 
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5.3 Sparsity of the input data 
 

In most real-life power systems, each node is directly 

connected to a small number of other nodes hence the 

number of lines per node is small, usually around 3.  

Consequently, the Jacobian matrix H formed at the CSE is 

sparse and therefore programming techniques for sparse 

matrices can be used for the implementation of the CSE. 
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 Fig. 2 Block structure of the Jacobian matrix H 

 

The Jacobian H has a block structure, shown in figure 2, 

which is fully exploited in the DSE [7]. As a result, 

computations at lower level are based on Hir, the internal 

Jacobian matrix for area i, and Hib, the boundary Jacobian 

matrix for area i, whereas computations at upper level are 

based on the boundary Jacobian matrix Hb which has the 

structure: 
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It is expected that for ‘clearly decomposable’ graphs, 

i.e. those where  nr >> nb , the Jacobian Hir  will be sparse 

thus programming techniques for sparse matrices could be 

employed at the DSE’s lower level.  Furthermore, the 

partitioning of the graph is unlikely to result in practice in 

any one subsystem being interconnected with more than 

four others [7].  As a result, when the number of areas is 

large (k>6) the Jacobian Hib and consequently Hb are also 

expected to be block-sparse.  Hence, programming 

techniques for sparse matrices could be also employed at 

the DSE’s upper level. 

In summary, sparsity programming techniques may be 

employed for implementing both the CSE and DSE 

depending on the structure of the global graph and the 

technique used to partition this graph into areas.  Three 

cases have particular practical interest. 

1. The global graph is large and is partitioned into a 

small number of large areas.  Here, sparsity programming 

can be employed for the CSE and at the DSE’s lower level 

but not at the DSE’s upper level. 

2. The global graph is very large and is partitioned 

into a large number of large areas.  Here, sparsity 

programming techniques can be employed for the CSE 

and at both the DSE’s upper and lower levels. 

3. The global graph is dense and is partitioned into 

dense areas. Here, programming techniques for dense 

matrices are employed at both the CSE and DSE’s upper 

and lower levels. 

The employment of sparsity programming affects the 

performance of both the CSE and DSE.  The storage 

required for a sparse matrix is usually proportional to the 

number of non-zero elements in the matrix.  The 

execution time of computations, such as matrix 

multiplication or those required for solving a system of 

equations, depends on the number as well as the position 

of the non-zero elements in the participating matrices.  For 

example, the result of a matrix multiplication between two 

sparse matrices may be a dense matrix as a result of the 

relative position of non-zero elements in the two matrices.  

In the general case, the execution time of computations, 

such as matrix multiplication or those required for solving 
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a system of equations, is no slower (meaning linear or 

faster) to the number of non-zero elements in the 

participating matrices.  It is therefore clear that the input 

data significantly affect the performance of sparsity 

programming methods. 

 

5.4 Performance models 
 

For simplicity, it is assumed that all areas have the 

same number of internal nodes nr . Hence, it is: 

n   =   nb + (p – 1) nr     (6) 

The amount of work at the CSE is represented by W, 

the amount of work at the master by Wb and the amount of 

work at each slave by Wr. The total work W is a function 

of the number of nodes in the total graph n, the work Wb is 

a function of the number of boundary nodes nb and the 

work at each slave Wr is a function of the number of 

internal nodes nr and also a function of nb. The exact 

relationship between work and input size depends on the 

sparsity of the input data. As all work involved various 

matrix operations it follows that work is in the best case 

(n) for matrixes nn that are sparse and (n3) for 

matrices that are dense [4]. 

The overheads in the DSE are due to load imbalance, 

communication and computation that is not performed by 

the CSE.  

The overhead due to load imbalance consists of the 

overhead due to the slaves being idle while the master is 

performing computation, which is (p-1) Wb , and the 

overhead due to the master being idle while the slaves are 

performing computation, which is Wr . Hence:  

To
load_im = (p Wb ) + (Wr ) 

The communication overhead is due to the two single-

node broadcasts (steps 2* and 4* in figure 4) and the two 

global combine operations (steps 1* and 2a and 3* and 4). 

The performance of the global combine operation in steps 

1* and 2a dominates all others. In this operations, matrix 

G is transferred thus the size of the message is (nb
2). If 

(nb) packets are formed where each has size (nb) then 

by using the recursive splitting algorithm [4] the 

communication overhead per processor is (nb
2) + (nb 

log p). Summing up over all processors, the total 

communication overhead is:  

To
comm = ( nb

2 p) + (nb p log p) 

Extra computation in the DSE that is not performed in 

the CSE occurs in each slave. This is due to the inversion 

of matrix  (step 1 in figure 4) which is not required in 

the CSE and is (Wr). Extra computation can also 

sometimes occur in the master. This is when programming 

techniques for sparse matrices are employed at the CSE 

but not at the upper level of the DSE (due to the fact that 

Hb may not be sparse enough). This contributes (Wb) to 

the overhead function which however is slower than the 

(p Wb ) in To
load_im and thus is omitted. Hence, the 

overhead due to extra computation is: 

To
e_work = (p Wr) 

Summing up all overheads and keeping dominant terms 

only, the total overhead is: 

To  = (p Wb)+(p Wr)+( nb
2 p)+(nb p log p) (7) 

 

5.5 Generic fixed-value efficiency analysis 
 

For generic fve analysis the expression W = K To is 

examined. Since To contains multiple terms, W is balanced 

against each individual term (section 2). The following set 

of expressions is derived: 

W  =  (p Wb)     (8a) 

W  =  (p Wr)     (8b) 

W  =  ( nb
2 p)     (8c) 

W  =  ( nb p log p)    (8d) 

In the DSE, the total work W, the work at the master 

Wb and the work at each slave Wr are not independent. 

Instead, they are related by equation (6) giving the 

relationship between n , nb and nr , i.e. 

n   =   (nb)  +  (p nr)    (8e) 

Three cases are now examined based on the expected 

sparsity of the input data as suggested in section 5.3. 

Theorem 1 presents the results from fve analysis when 

sparsity programming is employed at CSE and both the 

upper and lower level of the DSE. Since all matrices are 

sparse, the amount of work at the CSE is W = (n), the 

amount of work at the DSE’s upper level is Wb = (nb) 

and the amount of work at the DSE’s lower level is Wr = 

(nr) + (nb). 

Theorem 1. The DSE is scalable when nr (p) is no 

slower than nb
2

 (p) for nb (p) = (log p) and when nr (p) 

is no slower than nb log p for nb (p) = (log p). The 

isoefficiency function is (p nr) which is (p nb
2) for 

nb(p) = (log p) and (nb p log p) for nb (p) = (log p). 

Proof: The proof is given in Appendix B. 

Theorem 2 presents the results from fve analysis when 

sparsity programming is employed in the CSE and DSE’s 

lower level but not at the DSE’s upper level (the proof is 

similar to the proof of theorem 1 and is omitted). The 

amount of work at the CSE is W = (n). Matrix Hb is 

dense thus the amount of work at the DSE’s upper level is 

Wb = (nb
3). Finally, matrix Hr is sparse thus the amount 

of work at the DSE’s lower level is Wr = (nr) + (nb).  
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Theorem 2. The DSE is scalable when nr (p) is no 

slower than nb
3

 (p) for nb (p) = (log1/2 p) and when nr(p) 

is no slower than nb log p for nb (p) = (log1/2 p). The 

isoefficiency function is (p nr) which is (p nb
3) for 

nb(p) = ( log1/2 p) and ( nb p log p) for nb (p) =  

(log1/2 p). 

Theorem 3 presents the results from fve analysis when 

programming techniques for dense matrices are employed 

in both the CSE and DSE (the proof is similar to the proof 

of theorem 1 and is omitted). Since all matrices are dense, 

the amount of work at the CSE is W = (n3), the amount 

of work at the DSE’s upper level is Wb = (nb
3)  and the 

amount of work at the DSE’s lower level is Wr = (nr
3) + 

(nb
3). 

Theorem 3. The DSE is scalable when nr (p) is no 

slower than nb (p) / p2/3 for nb (p) = (log1/2 p) and when 

nr (p) is no slower than (nb log p / p2 )1/3 for nb (p) = 

(log1/2 p). The isoefficiency function is (p3 nr
3 (p)) 

which is (p nb
3 (p)) for nb (p) = (log1/2 p) and (nb p 

log p) for nb(p) = (log1/2 p). 

It can be reasonably assumed that the number of 

boundary nodes is linear to the number of areas (as each 

area contains on average the same number of boundary 

nodes). Since the number of areas is linear to p it follows 

that nb (p) = (p). In this case, for preserving efficiency, 

the number of internal nodes has to increase as (p2) 

(theorem 1), as  (p4) (theorem 2) and as (p1/3) 

(theorem 3) depending on the sparsity of the input data. 

These isoefficiency functions provide some interesting 

results on the scalability of the DSE and its relationship 

with the sparsity of the input data. It is first observed that 

none of the three cases examined is unscalable although 

the overheads incurred are large. It is also observed that 

the best scalability is achieved when all data are dense. In 

this case, the number of internal nodes has to increase at 

(p1/3) to preserve the parallel system’s efficiency. For 

example, it is assumed that a parallel system with p = 4 

and nr = 20 has a desirable efficiency. When p is scaled to 

8 then this efficiency is preserved only if nr is increased to 

25. The scalability of the case where all data are sparse is 

not so good. For the same example, when p scales from 4 

to 8 then nr has to increase from 20 to 80 for the system’s 

efficiency to be preserved. Finally, the scalability of the 

case where data are sparse at the CSE and DSE’s lower 

level but not at the DSE’s upper level is very poor. In the 

same example, nr has to increase from 20 to 320 for the 

system’s efficiency to be preserved.  

 

 

5.6 An implementation of the DSE 
 

An implementation of the CSE and DSE [6] was 

provided by the Brunel Institute of Power Systems for 

evaluation purposes. This program, initially written for a 

shared-memory parallel computer, was ported to the 

Parsytec GCel 3/512, a distributed-memory parallel 

computer with a mesh interconnection topology. More 

specifically, the parts of the program related to 

computations (initially written in FORTRAN) were ported 

with minor only changes. On the other hand, the parts to 

accomplish inter-processor communication were initially 

written using the PVM model, which has poor 

performance for the target architecture. To improve 

performance, the recursive-splitting algorithm was 

implemented using the more efficient message-passing 

model. 
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Fig. 3 Computed vs. estimated values of nr 

 

Timing measurements were obtained from solving the 

IEEE-30 node standard network and performance models 

were constructed for all sources of overhead. These 

models allowed computing an analytical expression for 

the number of internal nodes nr that is required to 

preserve efficiency as p is scaled. This expression was 

thereafter projected to compute the values of nr for large 

input sizes and number of processors. These computed 

values are presented in figure 3 together with values 

estimated from theorem 2. The convergence of these 

values illustrates the analytical power of the generic fixed-

value efficiency method. 

 

6. Conclusions 
 

In this paper, the generic fixed-value efficiency (fve) 

method was proposed to evaluate the scalability of 

parallel systems with multiple components. The generic 

fve method is an extension of isoefficiency that is suitable 

for parallel systems where the growth rates of total work 

and its components are not predetermined. The method 
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can be utilised to reveal the relation between the total 

work and its components for the parallel system to 

preserve efficiency. This method was demonstrated for a 

decomposed-state estimator for power systems on a 

distributed-memory parallel computer with a mesh 

interconnection topology. The results allowed the impact 

on scalability of the input data sparsity to be analytically 

estimates. These results were verified through timing 

measurements. 
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Appendix A: Order Analysis Notation 
 

Order analysis is used to classify functions by their growth 

rates.  All functions analysed are from positive integers to 

positive reals.  The order notation used in this paper is 

summarised in table 1.   

 
Table 1  Order analysis notation 

notation description  

f = (g) f is slower than g 

f = (g) f is no faster than g 

f = (g) f is about as fast as g 

f = (g) f is no slower than g 

f = (g) f is faster than g 

 

The formal definitions of order notation follows: 

 (g) is the set of f such that f/g approaches 0; i.e. 

lim{ ( ) / ( )}
n

f n g n


 0 . 

 (g) is the set of f such that f/g is bounded above; 

that is, there exists C such that for all positive n, f(n) 

< C g(n). 

 (g) is the set of f such that f/g is bounded above and 

bounded away from zero; that is, there exist C1, C2 

such that for all n, 0 < C1 g(n) < f(n) < C2 g(n). 

 (g) is the set of f such that f/g is bounded away from 

0; that is, there exists C such that for all n, 0 < C g(n) 

< f(n). 

 (g) is the set of f such that f/g approaches infinity; 

i.e. lim{ ( ) / ( )}
n

f n g n


  . 

 

Appendix B: Proof of theorem 1 
 

Since all matrices are sparse, the amount of work at the 

CSE is W = (n), the amount of work at the DSE’s upper 

level is Wb = (nb) and the amount of work at the DSE’s 

lower level is Wr = (nr) + (nb). Now equations (8) 

become: 

W  =  (p nb)     (9a) 

W  =  (p nr) + (p nb)    (9b) 

W  =  ( nb
2 p)     (9c) 

W  =  ( nb  p log p)    (9d) 
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W   =   (nb)  +  (p nr)      (9e) 

Keeping dominant terms only these equations are reduced 

to the following set: 

W  =  (p nr) (10a) 

W  =  (p nb
2 ) (10b) 

W  =  ( nb  p log p) (10c) 

W   =   (nb)  +  (p nr) (10d) 

The isoefficiency functions derived from equations (10a-

c) are f1(p) = ( p nr), f2(p) = (p nb
2) and f3(p) = ( nb 

p log p) respectively.  The growth rate of W, which is 

represented by fW(p), is conveyed from equation (10d), 

hence depends on the relative growth of nb and p nr .  

Therefore, two cases are examined. 

(i)  p nr is slower than nb  i.e.  nr  = (nb  / p) 

In this case, the term nb  dominates the r.h.s.  of equation 

(10d) and the growth rate of W is: 

fW(p)   =   (nb )  

We observe that one of the isoefficiency functions, 

namely f2(p) = (p nb
2), is faster than fW(p) for all 

possible forms of fb
 (p).  Therefore, the parallel system is 

fve unscalable. 

(ii)  p nr  is no slower than nb  i.e.  nr  = (nb  / p) 

In this case, the term p nr  dominates the r.h.s. of equation 

(10d) and the growth rate of W is: 

fW(p)  =  (p nr )  

The condition for the parallel system to be scalable is that 

fW(p) grows no slower than all isoefficiency functions. 

One of the isoefficiency functions, namely f1(p) = (p nr), 

is always no slower than fW(p). Hence, the condition for 

the parallel system to be scalable is: 

fW(p) is no slower than max {f2(p), f3(p)}   

p nr  =  (max {p nb
2, n p log p})   

nr  =  (max { nb
2, nb log p}) 

Now there are two different cases depending on which 

isoefficiency function is faster: 

(a) nb
2 is no slower than nb

 log p, i.e. nb = (log p) 

Hence, nr =(nb) and the isoefficiency function is (p nb)  

(a) nb
2 is no slower than nb

 log p, i.e. nb = (log p) 

Hence, nr  =  ( log p) and the isoefficiency function is 

( nb p log p).     

 

Appendix C: The Decomposed State Estimator 
 

 

 
Program DSE_upper_level 
/* executed in one processor (the master) 

 

Begin 

Program DSE_lower_level 
/* executed in (p – 1) parallel processors (the slaves) 

/* here shown for processor i 

Begin 

0  Initialise xir (0), xb (0). Read zi . Set j = 0. 

1  
Compute:  hi (xir (j), xb (j)); Hir (j); Hib (j); zi (j) = zi - hi ;   

ir (j) = Hir
T

Ri
-1

Hir ; Wir (j) = I - Hir i
-1

 Hir
T

 Ri
-1 

; 

Gi = [Wir  Hib ]
T Ri

-1 [Wir  Hib ] ; gi = [Wir  Hib ]
T

 Ri
-1

 zi . 

1* Receive [Gi (j): gi (j)] from lower level. Send [Gi (j): gi (j)] to upper level 

2a [G : g] =   [Gi : gi] and [Gi (j):  gi (j)].  

2b Compute: xb (j) from G(j) xb (j) = g(j)  

2* Send xb (j) to lower level Receive xb (j) from upper level 

3  
Compute:  rib (j) = zi - Hib (j) xb (j)  and xir (j)  from   

ir (j) xir (j) = Hi
T
(j) Ri

-1
 rib (j). Set j = j + 1. Compute xir(j); 

xb (j); If max ||xir(j)||<Ao then slave_conv_flag:=TRUE 

3* Receive slave_conv_flag from lower level Send slave_conv_flag to upper level 

4 Compute: global convergence flag  

4* Send global convergence flag to lower level Receive global flag from upper level. 

5 If global convergence not reached, then go to 1* 

else stop 

If global convergence not reached, then go to 1 

else xir (j) = xir  and xb (j) = xb 

 End End 

Fig. 4 The decomposed state estimator (DSE) 

 

 


